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OPTICAL GEOMETRIES
ANNA FINO, THOMAS LEISTNER, AND ARMAN TAGHAVI-CHABERT
Abstract. We study the notion of optical geometry, defined to be a Lorentzian ma-
nifold equipped with a null line distribution, from the perspective of intrinsic torsion.
This is an instance of a non-integrable version of holonomy reduction in Lorentzian
geometry. These generate congruences of null curves, which play an important roˆle in
general relativity. Conformal properties of these are investigated. We also extend this
concept to generalised optical geometries as introduced by Robinson and Trautman.
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1. Introduction
One of the most natural geometric structures that one can study on a Lorentzian
manifold pM, gq of dimension n` 2 is a null line distribution K, say. This is what we
shall term an optical structure, and it is equivalent to a reduction of the structure group
of the frame bundle to Simpnq, the stabiliser of a null direction in R1,n`1. The aim of
this article will be to give a comprehensive study of Simpnq-structures, including their
intrinsic torsion, which measures the extent of their non-integrability. Integrability
here is equivalent to K being parallel with respect to the Levi-Civita connection.
The purpose of this article is two-fold. First it provides a formal approach to well-
known concepts of mathematical relativity in relation with congruences of null curves,
i.e., the foliation tangent to K. Second, it lays out foundational material for further
works in which the structure group of the frame bundle is reduced further to a sub-
group of Simpnq when n “ 2m. In particular, it should be viewed as an introductory
article to the follow-up paper [32] on almost Robinson manifolds, where the structure
group is reduced to pR˚ ˆ Upmqq ˙ pRnq. The study of such structures in arbitrary
even dimension goes back to Hughston and Mason [39], and the notion of an (almost)
Robinson structure was introduced by Nurowski and Trautman in [60, 99, 100]. In
fact, this reduction is vacuous in dimension four, where an almost Robinson structure
is identical to an optical structure (for further comments on terminology, see Remark
4.2). Here, the ramifications into complex geometry and CR geometry would prove
crucial in the formulation of twistor theory on the one hand [65, 67], and particularly
powerful in the understanding of solutions to the Einstein field equations on the other
hand [81, 57, 52, 59].
In mathematical relativity, congruences of null geodesics are fundamental in the
study of the Einstein field equations, especially in dimension four, but also in higher
dimensions, in the null alignment formalism of [18, 54, 22]. The invariant properties of
a congruence of null geodesics are encoded in the so-called optical scalars in dimension
four, and optical matrices in higher dimensions, namely the expansion, twist and shear
of the congruence. These correspond to Simpnq-invariant irreducible pieces of the
intrinsic torsion of the Simpnq-structure. For instance, the existence of non-shearing
congruences is intimately connected to solutions to field equations such as the Einstein
equation or the Maxwell equation in vacuum via central results such as the Goldberg-
Sachs theorem [36, 35, 37] and the Robinson theorem [77] — see also [58].
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Earlier investigations on the classification of intrinsic torsions on pseudo-Riemannian
manifolds can be found in [91, 92, 64, 29] – see also in [68] for the construction of
connections adapted to totally null distributions.
The structure of the paper is as follows. In Section 2, we give a general framework
for the investigation of reductions of the structure group in Lorentzian geometry. In
Section 3, we obtain a description of the intrinsic torsion of a Simpnq-structure in
terms of irreducibles. This is applied to the geometric setting in Section 4 where we
introduce optical geometries and examine its relation to congruences of null curves and
their leaf spaces. In particular, a non-integrable optical geometry with congruence of
null geodesics can therefore fall into eight distinct classes according to whether the
expansion, twist or shear vanishes or not. In Section 5, we substitute a conformal
structure for the Lorentzian structure, and defines an optical structure in that setting.
Section 6 briefly describes the situation in dimension four. Finally, we revisit the
notion of (generalised) optical geometry first considered in [80] in Section 7: these
consist in weakening the conformal structure to a certain equivalence class of Lorentzian
metrics on a smooth manifold. In this case, the structure group is a Lie subgroup of
GLpn`2,Rq stabilising a filtration, and a conformal structure on its associated screen
bundle.
Throughout, we provide a number of examples to illustrate the algebraic conditions
that the intrinsic torsion of an optical geometry can satisfy. The reference [87] contains
a plethora of such solutions in dimension four where the properties of the intrinsic
torsion can easily be inferred in terms of congruences of null geodesics. In higher
dimension, the review article [63] is a convenient source.
2. H-structures and their intrinsic torsion
Let pM, gq be a semi-Riemannian manifold of dimension m and signature pt, sq with
the convention that t is the number of negative eigenvalues of the metric g, and s is
the number of positive ones. Let G :“ SO0pt, sq be the connected component of the
group of orthogonal transformations of Rt,s, and H Ă G a closed subgroup of G. Then
an H-structure on pM, gq is a reduction of the G-bundle of orthonormal frames FG to
an H-bundle FH . We do not assume that the Levi-Civita connection of g reduces to
H, and if it does not, an H-structure is called non-integrable.
We now recall the notion of intrinsic torsion of an H-structure. This requires some
algebraic preliminaries in which we use abstract index notation. To this end we set
V “ Rt,s and denote by h and g “ sopt, sq “ sopVq the respective Lie algebras of H
and G, all of which are H-modules in a canonical way. Elements of V will be adorned
with upper lower-case Roman indices starting from the beginning of the alphabet,
e.g. va, wb P V, and elements of the dual V˚ by lower indices, e.g. αa, βb P V˚. The
Minkowski inner product on V will be denoted gab, with inverse g
ab, and will be used
to lower and raise indices.
We introduce the G-module homomorphism
δg : V
˚ b g Q A cab ÞÑ A crabs P Λ2V˚ bV,
where A crabs “ 12pA cab ´A cba q denotes the skew-symmetrisation of A cab in the covariant
components. Using that V˚bg » V˚bΛ2V˚, a direct computation will reveal that the
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first prolongation
gp1q :“ tAabc P V˚ b g : Arabsc “ 0u
of g is zero (see e.g. [84]). Thus, δg is an isomorphism, and in particular, the restriction
δh of δg to V
˚bh is an isomorphism onto its image Impδhq. We then obtain the following
commutative diagram of H-modules:
(2.1)
δg : V
˚ b g » Λ2V˚ b V
π Ó Ó πˆ
G :“ V˚ b pg{hq » Gˆ :“ `Λ2V˚ bV˘ {Impδhq
αb pA` hq ÞÑ δgpαbAq ` Impδhq,
where π and πˆ denote the canonical projections, and A P g.
Given an H-structure FH , we can now associate to every H-module A the corres-
ponding vector bundle on M with fibre A, which we denote by FHpAq “ FH ˆH A,
e.g., TM “ FGpVq “ FHpVq, etc. Moreover, to every connection of FH we can as-
sociate the torsion of the corresponding covariant derivative ∇, which we denote by
T∇ P ΓpΛ2T ˚M b TMq. Note that since H Ă G, ∇ is compatible with the metric g.
The intrinsic torsion of the H-structure is then defined as
TH :“ πˆpT∇q P ΓpFHpGqq,
where πˆ is the vector bundle projection induced from the projection πˆ in the dia-
gram (2.1). This definition is independent of the chosen h-valued connection ∇: if
∇1 is another h-valued connection, then ∇ ´ ∇1 is a section of T ˚M b FHphq and
T∇ ´ T∇1 “ δhp∇ ´∇1q, which projects to zero under πˆ.
Although the Levi-Civita connection ∇g is not an h-valued connection for non-
integrable H-structures, it can be used to describe the intrinsic torsion using the geo-
metric version of the diagram (2.1)
(2.2)
δg : T
˚Mb FHpgq » Λ2T ˚Mb T ˚M
π Ó Ó πˆ
T ˚Mb FHpg{hq » FHpGˆq .
Indeed, for a given h-connection ∇, we have that C :“ ∇ ´∇g is a section of T ˚Mb
FHpgq Ă T ˚MbT ˚MbTM, which is isomorphic via the metric g to T ˚MbΛ2T ˚M.
Then, as ∇g is torsion free, δgpCq is just the torsion of ∇ and projects under πˆ to the
intrinsic torsion TH . Going down the left path in the diagram (2.2), the intrinsic torsion
TH can be identified with πpCq. In fact for p PM we have that
C|p “ gbcgp∇σa ´∇gσa, σcqσa b σb|p,
where pσ1, . . . , σmq is a local section of FH and gab is the inverse matrix of gab “
gpσa, σbq. If ∇ is h-connection, then for v P TpM , the matrix pgbcgp∇vσa, σcq|pqma,b“1 is
in h. On the other hand, pgbcgp∇gvσa, σcq|pqma,b“1 is a matrix in g, and hence the intrinsic
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torsion can be identified with TH P T ˚Mb FHpg{hq, defined by
THpvq|p “
”
pσ1, . . . , σmq, π
´
pgbcgp∇gXσa, σcq|pqma,b“1
¯ı
P FHpg{hq “ FH ˆH g{h ,
(2.3)
where v P TpM , and π : gÑ g{h is the canonical projection.
This can be made more explicit in the special case when g is Riemannian, i.e. when
g “ sopmq. In this case h has an H-invariant complement1 hK within g, given by the
orthogonal complement of h with respect to the negative definite Killing form of g. Then
we can identify G with V˚bhK. In this case one can define a distinguished h-connection
∇ by projecting the Levi-Civita connection onto h with respect to the decomposition
g “ h ‘ hK. This connection is usually called the characteristic connection of the
H-structure.
If in addition H is given by the stabiliser of a tensor ξ, for example, a stable 3-form
in the case of G2-structures, or a Ka¨hler form in the case of Upnq-structures, one can
show [38, 28, 84] that ∇ξ can be identified with a section of FHpGq » T ˚MbFHphKq.
The decomposition of V˚ b hK into irreducible H-modules then gives rise to the Gray-
Hervella and Gray-Ferna´ndez classifications of almost Hermitian structures and non-
integrable G2-structures, respectively. In the present article we shall follow the same
approach for pn`2q-dimensional Lorentzian manifolds, i.e., with h Ă g “ sop1, n`1q for
h being a Lorentzian holonomy algebra acting indecomposably on R1,n`1. The crucial
difference however is that h does not have an H-invariant complement in g, so we will
have to work with g{h.
3. Algebraic description
3.1. Linear algebra. Let V :“ R1,n`1 be the Minkowski space of dimension n ` 2.
An optical structure on V is a one-dimensional vector subspace K of V that is null with
respect to the Minkowski inner product x¨, ¨y on V, i.e., xk, ky “ 0 for any vector k in
V. This subspace K is contained in its orthogonal complement KK, i.e.
K Ă KK Ă V.(3.1)
The screen space of K is the quotient space HK :“ KK{K. It inherits a non-degenerate
symmetric bilinear form given by
xv `K, w `KyHK :“ xv,wyV , for any v,w P KK.
Since K is null, this is independent of the choice of representatives in KK{K.
We may choose a null line L in V that is dual to K so that V “ K‘ `KK X LK˘‘L,
and introduce a semi-null basis te0, e1, . . . , en, en`1u such that K “ spanpe0q, L “
spanpen`1q, KK X LK “ spanpe1, . . . , enq, and
pxea, eby1,n`1qn`1a,b“0 “
¨˝
0 0 1
0 1n 0
1 0 0
‚˛ .
In particular, xe0, en`1y “ 1, e0 and en`1 are null, i.e., xe0, e0y “ xen`1, en`1y “ 0,
and te1, . . . , enu are orthonormal, i.e., xei, ejy “ δij for i, j “ 1, . . . , n. By a slight
1This also holds in the more general situation when g is not positive definite but h is reductive
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abuse of notation we denote by Op1, n ` 1q all pn ` 2q ˆ pn` 2q matrices A such that
xAv,Awy “ xv,wy, for any v,w in V, by SOp1, n`1q the set of all matrices inOp1, n`1q
that have determinant one, and by SO0p1, n ` 1q its connected component.
The stabiliser of the line K in V, and thus of the filtration (3.1), in SOp1, n ` 1q is
the maximal parabolic subgroup given by
Simpnq “ COpnq ˙ pRnq˚ “ pR˚ ˆ SOpnqq ˙ pRnq˚
“
$&%pa,A, ξq :“
¨˝
a´1 ξ ´a
2
ξξJ
0 A ´aAξJ
0 0 a
‚˛| a P R˚ ,A P SOpnq ,
ξ P pRnq˚
,.- .
Here COpnq “ R˚ ˆ SOpnq is the special conformal group of Euclidean space Rn,
where we use the identification of pa,A, 0q P R˚ˆSOpnq Ă Simpnq with aA P COpnq.
The notation Simpnq comes from the fact that it acts as the group of similarity trans-
formations of Rn, given by homotheties (excluding reflections) and translations.
One can alternatively consider the stabiliser of the null ray R` ¨ e0 in SOp1, n` 1q:
this is simply the connected component Sim0pnq of Simpnq, i.e., Sim0pnq “ pR` ˆ
SOpnqq ˙ pRnq˚. Its Levy part is the connected component CO0pnq “ R` ˆ SOpnq.
Note that the action of Simpnq on the screen space HK “ KK{K is given by pa,A, ξq ¨
rxs “ rAxs P HK where pa,A, ξq P Simpnq and rxs P HK. In particular, Simpnq, and
thus Sim0pnq, preserve the induced orientation on HK.
Within Simpnq there is the special Euclidean group Euc0pnq “ SOpnq ˙ pRnq˚,
which is the stabiliser of the null vector e0 in its representation on R
1,n`1.
An interesting property about SO0p1, n` 1q is that it has no proper connected sub-
groups that act irreducibly on R1,n`1, i.e., without invariant subspace, see for example
[21]. Hence, proper subgroups of SO0p1, n ` 1q that act indecomposably, i.e., without
nondegenerate invariant subspace, are contained in Sim0pnq. For future use, we set
P :“ Sim0pnq , G0 :“ CO0pnq .
The Lie algebra g “ sop1, n ` 1q is |1|-graded
g “ g´1 ‘ g0 ‘ g1
with
g0 “
$&%
¨˝
r 0 0
0 Z 0
0 0 ´r
‚˛| r P R, Z P sopnq
,.- “ copnq “ R‘ sopnq,
g1 “
$&%
¨˝
0 ξ 0
0 0 ´ξJ
0 0 0
‚˛| ξ P pRnq˚
,.- “ pRnq˚
g´1 “
$&%
¨˝
0 0 0
x 0 0
0 ´xJ 0
‚˛| x P Rn
,.- “ Rn,
i.e., the Lie bracket in sop1, n ` 1q satisfies rgi, gjs “ gi`j for i, j “ ´1, 0, 1, with the
convention that gi “ t0u for all |i| ą 1.
OPTICAL GEOMETRIES 7
Now, setting g1 :“ g1, g0 :“ g0 ‘ g1 and g´1 :“ g´1 ‘ g0 ‘ g1, we obtain a filtration
t0u “: g2 Ă g1 Ă g0 Ă g´1 “ g .(3.2)
of P -modules. The adjoint representation of G0 acts
‚ on g0 “ copnq via the adjoint representation,
‚ on g´1 “ Rn via the standard representation
‚ on g1 “ pRnq˚ via the dual representation,
as can be gleaned from the following computation:¨˝
a´1 0 0
0 A 0
0 0 a
‚˛¨˝r ξ 0x Z ´ξJ
0 ´xJ ´r
‚˛¨˝a 0 00 AJ 0
0 0 a´1
‚˛“
¨˝
r a´1AJξ 0
aAx AZAJ ´a´1AξJ
0 ´axJAJ ´r
‚˛ ,
where a P R˚, A P SOpnq, r P R, Z P sopnq, ξ P pRnq˚ and x P Rn.
The Lie algebra of P is given by
g0 “ p “ simpnq “ g0 ˙ g1 “ copnq ˙ pRnq˚ “ pR‘ sopnqq ˙ pRnq˚
“
$&%
¨˝
a ξ 0
0 A ´ξJ
0 0 ´a
‚˛| a P R ,A P sopnq ,
ξ P pRnq˚
,.- .
The abelian part P` of P is given by exponentiation of g1. Clearly the quotient g{p is
isomorphic as a G0-module to g´1, which is not a P -module.
Similarly, V splits into a direct sum of G0-modules
V “ V1 ‘ V0 ‘ V´1 ,(3.3)
with V1 “ K, V´1 “ L and V0 “
`
K
K X LK˘ and such that
gi ¨ Vj Ă Vi`j.
The vector space V admits a filtration of P -modules:
t0u “: V2 Ă V1 Ă V0 Ă V´1 :“ V ,(3.4)
where V1 “ V1 “ K, V0 “ V1 ‘ V0 “ KK. The associated graded vector space grpVq of
the filtration (3.4) is given by
grpVq :“ gr´1pVq ‘ gr0pVq ‘ gr1pVq, where gripVq :“ Vi{Vi`1 .
Each gripVq is a P -module, which, as a G0-module, is isomorphic to Vi.
The Minkowski inner product isomorphism V˚ – V induces a filtration
t0u “: pV˚q2 Ă pV˚q1 Ă pV˚q0 Ă pV˚q´1 :“ V˚,(3.5)
where pV˚qi “ pViq˚ and a splitting,
V
˚ “ V˚1 ‘ V˚0 ‘ V˚´1 ,(3.6)
on the dual vector space V˚.
At this stage, we introduce further abstract indices: once a splitting is chosen, el-
ements of V0 will be adorned with upper lower-case Roman indices starting from the
middle of the alphabet, e.g. vi, wj , . . . P V0, and dual elements with lower indices. This
notation will be extended to elements of KK{K and of its dual. The screen space inner
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product on KK{K yields an inner product on V0 denoted hij , and with inverse hij .
Indices can be raised or lowered accordingly.
Once a splitting is fixed, we can choose elements ka P V1 “ K and ℓa P V´1 “ L
such that gabk
aℓb “ 1, and introduce a surjective map
δia : VÑ V0 ,
so that kaδia “ ℓaδia “ 0. Raising and lowering indices yield a surjective map δai : V˚ Ñ
pV0q˚. In particular, the screen space inner product can be expressed as hij “ gabδai δbj .
We shall also use these dually as injective maps
δia : pV0q˚ Ñ V˚ , δai : V0 Ñ V .
Thus, in this notation, any element va of V that satisfies gabv
akb “ gabvaℓb “ 0 can be
expressed uniquely as va “ viδai for some vi P V0.
Any change of splitting that keeps ka fixed is effected by the action of an element
φa
b “ δba ` ziδiakb ´ kaziδbi ´
1
2
zizikak
b
of P` on V. In particular, the elements k
a, δai and ℓ
a transform as
ka ÞÑ ka , δai ÞÑ δai ` zika , ℓa ÞÑ ℓa ´ ziδai ´
1
2
zizik
a .(3.7)
In order to relate elements of the exterior algebra of V˚ and those of the exterior
algebra of H˚
K
, we state the following elementary lemma without proof.
Lemma 3.1. Any choice of vector k in K establishes a one-to-one correspondence
between elements of ΛpH˚
K
and elements φ of Λp`1V˚ such that k φ “ 0 and κ^φ “ 0,
where κ “ gpk, ¨q. Explicitly,
ϕi1...ip ÞÑ φa0...ap “ pp` 1qκra0δi1a1 . . . δ
ip
aps
ϕi1...ip ,
for any inclusion δia : H
˚
K
Ñ V˚. The inverse of this map is given by
φa0a1...ap ÞÑ ϕi1...ip “ ℓa0δa1i1 . . . δ
ap
ip
φa0a1...ap ,
for a pp` 1q-covector φa0a1...ap that satisfies ka0φa0a1...ap “ κrbφa0a1...aps “ 0 and where
ℓa is any null vector such that gabk
aℓb “ 1, and δiaka “ δiaℓa “ 0.
In particular, we have an isomorphism of Euc0pnq-modules H˚
K
– g{p, where Euc0pnq
stabilises k.
For each w P Z, we also introduce the one-dimensional representation Rpwq of P on
R that is given by
pa,A, ξq ¨ r “ awr ,(3.8)
and restricts to a representation of G0 on R. In the future, we shall simply write
pRnq˚pwq for pRnq˚ bRpwq for any integer w.
Now, any element ka of V1 can be seen as a map from V˚ to R with kernel pV˚q0.
In particular, we obtain the following isomorphisms
gr´1pV˚q – Rp1q , V˚´1 – Rp1q ,
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G0-module Description Dimension n Dimension n “ 2m Dimension n “ 2m` 1
G
0
´2 pRnq˚p2q n 2m 2m` 1
G
0
´1 pRnq˚p1q 1 1 1
G
1
´1 Λ
2pRnq˚p1q 1
2
npn´ 1q mp2m´ 1q mp2m` 1q
G
2
´1 d2˝pRnq˚p1q 12npn` 1q ´ 1 pm` 1qp2m ´ 1q mp2m` 3q
G
0
0 pRnq˚ n 2m 2m` 1
Table 1. Irreducible G0-submodules of G for n ‰ 4
of P -modules and G0-modules respectively. Dually, we also obtain the isomorphism
V
˚
1 – Rp´1q ,
of P -modules. More generally, for any non-negative integers w,w1, we have an isomor-
phism âwpV˚´1q bâw1pV˚1q – Rpw1 ´ wq ,
of G0-modules.
Finally, we note that the center z0 of g0 contains a distinguished grading element
E “
¨˝
1 0 0
0 0 0
0 0 ´1
‚˛(3.9)
with eigenvalues ˘1 and 0 on V˘1, g˘1, and V0, g0 respectively. If A is a submodule
of the g0-module pbpV1q b pbqV0q b pbrV´1q, then E has eigenvalue p´ r on A.
Remark 3.2. In dimension six, the isomorphism sop4q – su`p2q‘su´p2q, where su˘p2q
are two distinct copies of the Lie algebra of the special unitary group SUp2q, leads to a
further distinction to be made between g`0 and g
´
0 , the self-dual part and anti-self-dual
part of g0, each isomorphic to a copy of sup2q.
3.2. The space G of algebraic intrinsic torsions. We now consider the P -module
G :“ V˚ b pg{pq .(3.10)
Proposition 3.3. The P -module G :“ V˚ b pg{pq admits a filtration of p-modules
G
0 Ă G´1 Ă G´2 “ G ,
where Gi :“ pV˚qi`1 b pg{pq for i “ 0,´1,´2. The associated graded vector space
grpGq “ gr0pGq ‘ gr´1pGq ‘ gr´2pGq , where gripGq :“ Gi{Gi`1,(3.11)
decomposes as a direct sum
gr0pGq “ gr00pGq “ G0, gr´1pGq “ gr0´1pGq ‘ gr1´1pGq ‘ gr2´1pGq, gr´2pGq “ gr0´2pGq,
of P -modules grji pGq, which are isomorphic to the G0-modules Gji in Table 1.
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G0-module Description Dimension n “ 4
G
0
´2 pRnq˚p2q 4
G
0
´1 pRnq˚p1q 1
G
1,`
´1 Λ
2,`pRnq˚p1q 3
G
1,´
´1 Λ
2,´pRnq˚p1q 3
G
2
´1 d2˝pRnq˚p1q 9
G
0
0 pRnq˚ 4
Table 2. Irreducible G0-submodules of G for n “ 4
These modules are all irreducibles except for G1´1 when the dimension is six, that is
when n “ 4, which splits further into two irreducibles G1,`´1 and G1,´´1 as shown in Table
2.
Proof. We first note that the filtration (3.5) of P -modules on V˚ induces a P -invariant
filtration on G. Each summand of the associated graded vector space (3.11) is isomor-
phic to a completely reducible G0-module. To describe them, we work in the splitting
(3.6), and express G in terms of its corresponding G0-modules, i.e.
G – pV˚1 ‘ V˚0 ‘ V˚´1q b g´1 .
Since g´1 – V˚´1 b V˚0 , we immediately have the vector spaces isomorphisms
gr´2pGq – V˚´1 b V˚´1 b V˚0 , gr´1pGq – b2V˚0 b V˚´1 , gr0pGq – V˚0 .
Clearly, G00 :“ gr0pGq and G0´2 :“ gr´2pGq are irreducibles. On the other hand, it is
easy to check that
b2V˚0 b V˚´1 “ V˚´1 ‘
`
Λ2V˚0 b V˚´1
˘‘ `d2˝V˚0 b V˚´1˘ .
This yields the decomposition of gr´1pGq as the direct sum of the irreducible P -modules
G
0
´1, G
1
´1 and G
2
´1. This completes the proof for n ‰ 6. The case n “ 6 follows from
the fact that g0 – Λ2V˚0 , which splits into a self-dual part and anti-self-dual part. 
Before we proceed, we fix a splitting of G into G0-modules, and introduce, for each
i, j, a G0-module epimorphism Π
j
i : V
˚ b g Ñ Gji with the properties that V˚ b p lies
in the kernel of Πji , and Π
j
i descends to a projection from G to G
j
i . For convenience,
we shall use the co-vector κa “ gabkb. We streamline notation by setting pΓ ¨ κqab :“
´Γabcκc for any element Γabc of V˚b g, and κa P AnnpKKq. Note that pΓ ¨ κqabkb “ 0 ,
i.e., pΓ ¨ κqab P V˚ bAnnpKq. More explicitly, we define the projections
Π0´1 : V
˚ b gÑ G´1 , Γabc ÞÑ Π´1pΓqij :“ pΓ ¨ κqabδai δbj ,
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where G1 “ G01 ‘G11 ‘G21, and
Π0´2 : V
˚ b gÑ G0´2 , Γabc ÞÑ Π0´2pΓqi :“ pΓ ¨ κqabkaδbi ,
Π0´1 : V
˚ b gÑ G0´1 , Γabc ÞÑ Π0´1pΓq :“ Π´1pΓqijhij ,
Π1´1 : V
˚ b gÑ G1´1 , Γabc ÞÑ Π1´1pΓqij :“ Π´1pΓqrijs ,
Π2´1 : V
˚ b gÑ G2´1 , Γabc ÞÑ Π2´1pΓqij :“ Π´1pΓqpijq˝ ,
Π00 : V
˚ b gÑ G00 , Γabc ÞÑ Π00pΓqi :“ pΓ ¨ κqabℓaδbi .
(3.12)
In dimension six, we also define
Π1,˘´1 : V
˚ b gÑ G1,˘´1 , Γabc ÞÑ Π1,˘´1 pΓqij :“
1
2
`
Π1´1pΓqij ˘ ‹Π1´1pΓqij
˘
,(3.13)
where ‹ is the Hodge star on pV˚q0, i.e., Π1´1pΓqij “ Π1´1pΓqkℓ 12pεKqijkℓ.
By construction, for each i, j, the kernel of Πji mod V
˚ b p is precisely isomorphic
to the complement pGji qc of Gji in G as a G0-module, i.e.
ker Πji {pV˚ b pq – pGji qc , i.e.
´
ker Πji {pV˚ b pq
¯c – Gji .(3.14)
Now, once a splitting of G is chosen, any p-submodule of G must be a sum of the
irreducible G0-submodules G
j
i given in Proposition 3.3. Clearly, not every such sum is
a P -module. This is clear since the abelian part P` of P sends elements in Gi´1 to
Gi Ą Gji . To determine which G0-submodules of G are also P -submodules, we use the
characterisation (3.14), and compute how a change of splitting (3.7) affects the maps
Πji . Such transformations will tell us how the various modules G
j
i are related under
the action of P`, and we will be able to determine the P -submodule of G accordingly.
This will be made clear in the next proposition.
Proposition 3.4. The following
{G0´2 :“ tΓ P V˚ b g : Π0´2pΓq “ 0u{V˚ b p ,
{Gi´1 :“ tΓ P V˚ b g : Π0´2pΓq “ Πi´1pΓq “ 0u{V˚ b p , i “ 0, 1, 2 ,
and, in dimension six only,
{G1,˘´1 :“ tΓ P V˚ b g : Π0´2pΓq “ Π1,˘´1 pΓq “ 0u{V˚ b p ,
are P -submodules of G, where each Πji is defined by (3.12) and Π
1,˘
´1 by (3.13). In
addition,
{G00 :“ tΓ P V˚ b g : Π2´2pΓq “ Πi´1pΓq “ Π00pΓq “ 0 , i “ 0, 1, 2u{V˚ b p – t0u .
Any P -submodule of G arises as an intersection of any of G, {G0´2, {Gi´1 for i “ 1, 2, 3,
and in dimension six only, of {G1,˘1 .
Proof. Let Γ P V˚ b g, and set
γi :“ Π0´2pΓqi , ρ :“ Π0´1pΓq , τij :“ Π1´1pΓqij , σij :“ Π2´1pΓqij , πi :“ Π00pΓq .
(3.15)
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Under the transformation (3.7), the elements (3.15) transform as
γi ÞÑ γi ,
ρ ÞÑ ρ` γizi ,
τij ÞÑ τij ´ γrizjs ,
σij ÞÑ σij ` γpizjq˝ ,
πi ÞÑ πi ´ σijzj ` τijzj ´ 1
n
ρzi ´ 1
2
zkzkγi .
By inspection, we immediately conclude that gr0´2pGqc and gri´1pGqc, i “ 0, 1, 2 are
P -modules.
Now, suppose that A is a proper P -submodule of G, i.e., A is neither trivial or G.
Then in a splitting, A can be described as the intersection of the kernels of some of the
projections Πji . In particular, A is a vector subspace of kerΠ
j
i for some i, j. But since
A is a P -submodule, it must also be contained in the kernel of any other projections
describing gr0´2pGqc or gri´1pGqc, i “ 0, 1, 2. Hence, A must be a P -submodule of any
of gr0´2pGqc and gri´1pGqc, i “ 0, 1, 2.
The six-dimensional case can be refined further by taking into account the splitting
of Λ2pV˚q0 into its self-dual part and anti-self-dual part. 
4. Optical geometry
Let pM, gq be an oriented and time-oriented Lorentzian manifold of dimension n`2,
and the metric g will be assumed to have signature p1, n ` 1q, i.e., g has only one
negative eigenvalue. The volume form associated to g will be denoted by ε, and the
Levi-Civita connection ∇. The Lie derivative along a vector field v will be denoted
£v. In addition, the divergence of a vector field w will be denoted divw. If E Ă TM
is a vector distribution, we shall denote its annihilator by AnnpEq Ă T ˚M. For two
1-forms κ and λ we denote by κλ their symmetric product κd λ “ 1
2
pκb λ` λb κq.
4.1. Optical structures. From remarks in Section 3.1 it follows that the possible
indecomposable connected holonomy groups are either equal to SO0p1, n ` 1q or con-
tained in the maximal parabolic Sim0pnq in SO0p1, n`1q. This motivates the following
definition:
Definition 4.1. Let pM, gq be an oriented and time-oriented Lorentzian manifold of
dimension n ` 2. An optical structure on pM, gq is given by a vector distribution
K Ă TM of tangent null lines. We refer to pM, g,Kq as an optical geometry.
We note that the assumption that pM, gq is time-oriented implies that K is also
oriented (see for example [6]).
Denoting by KK the orthogonal space of K with respect to g, we have a filtration
K Ă KK Ă TM ,(4.1)
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and short exact sequences
0 ÝÑ K ÝÑ KK ÝÑ HK ÝÑ 0 ,(4.2)
0 ÝÑ AnnpKKq ÝÑ AnnpKq ÝÑ H˚K ÝÑ 0 ,(4.3)
0 ÝÑ HK ÝÑ TM{K ÝÑ TM{KK ÝÑ 0 ,(4.4)
of vector bundles onM. Equation (4.2) defines the screen bundle as the rank-n vector
bundle HK “ KK{K, and equation (4.3) with its dual H˚K “ AnnpKq{AnnpKKq.
Since K is null, AnnpKq – KK and AnnpKKq – K. The isomorphism HK – H˚K is
established by means of the positive definite bundle metric h induced from g. It is
given by
hpv `K,w `Kq :“ gpv,wq , for any v,w P ΓpKKq.(4.5)
Note, that HK also inherits a volume element εK associated to h given by
εKpv1 `K , . . . , vn `Kqκ “ εpk, v1 , . . . , vn , ¨q , for any v1 , . . . , vn P ΓpKKq,(4.6)
for any k P ΓpKq and where κ “ gpk, ¨q. This is clearly independent from the choice of
section of K.
Remark 4.2. The notion of an ‘optical structure’ has been used in the literature for
several different structures related to but not necessarily coinciding with our Defini-
tion 4.1. For example, in [57, Section 1.4] and [58] Nurowski defined an (almost) optical
structure on a Lorentzian manifold of even dimension as a vector distribution of null
lines together with an almost complex structure J on the screen bundle HK that is
compatible with the metric h. An optical structure was then defined as an almost
optical structure satisfying certain integrability conditions. For these (almost) optical
structures later in [60] Nurowski and Trautman introduced the name (almost) Robinson
structures. We will use the notion of an (almost) Robinson structure in the same sense
in the forthcoming [32] (see Remark 6.2) and use the weaker notion of optical structure
as in Definition 4.1 to denote the existences of a null line bundle K.
On four-dimensional Lorentzian manifolds the orientability of the screen bundle,
which in this case is of rank two, is sufficient for the existence of a compatible complex
structure on the rank-two screen bundle, so here our notion of optical structure coincides
with Nurowski’s and with the notion of an almost Robinson structure.
Another notion of an optical structure was introduced by Robinson and Trautman
in [80, 97, 81, 83] as a flag geometry on a smooth manifold given by a filtration of
the tangent bundle by a line subbundle and a co-rank 1 subbundle together with a
certain equivalence class of Lorentzian metrics for which the line bundle is null (see
[83, Definition 1]). In Definition 7.1 we will call such structures generalised optical
structures.
Finally, the third author of the present article also used the terminology ‘optical
structure’ on a five-dimensional Lorentzian manifold in reference [88] to describe a null
line distribution that arises from a totally null complex distribution of rank two. This
may be described more accurately as a five-dimensional analogue of an almost Robinson
structure.
14 ANNA FINO, THOMAS LEISTNER, AND ARMAN TAGHAVI-CHABERT
For a given optical structure pM, g,Kq a choice of null line distribution L dual to K
splits the filtration (4.1) as a direct sum of vector bundles
TM “ K ‘ `KK X LK˘‘ L .(4.7)
We shall use the convention already introduced in Section 3: upper lower-case Roman
indices from the beginning of the alphabet a, b, . . . will refer to sections of TM, while
those starting from the middle of the alphabet i, j, k, . . . will refer to sections of either
KK{K or KK X LK once a complement L to KK is chosen. Lower versions of these
index types will refer to dual sections.
Once such a splitting is chosen, we fix sections ka of K and ℓa of L such that
gabk
aℓb “ 1, together with injective maps δai : ΓpKK X LKq Ñ ΓpTMq. Viewing δai
dually as projections from T ˚M to pKK X LKq˚, the screen bundle metric hij is given
by hij “ gabδai δbj . Setting κa “ gabkb, λa “ gabℓb and δia “ δbjgabhji, where hij is the
inverse screen bundle metric, the metric g takes the form
gab “ 2κpaλbq ` hijδiaδjb ,
We note that the following transformations
ka ÞÑ rka “ eϕka , δai ÞÑ rδai “ δai , ℓa ÞÑ rℓa “ e´ϕℓa ,(4.8)
ka ÞÑ rka “ ka , δai ÞÑ rδai “ δai ` zika , ℓa ÞÑ rℓa “ ℓa ´ ziδai ´ 12zizjhijka ,(4.9)
where ϕ P C8pMq and zi P C8pM ˆ Rnq, leave the form of the metric unchanged.
Transformation (4.8) is referred to as a boost, and (4.9) as a null rotation.
Remark 4.3. In the treatment of null frames in general relativity it is customary
to introduce a third type of transformations referred to as spin rotations which are
simply the SOpnq transformations acting on the orthogonal basis of KK X LK. In this
article, we shall do away with such transformations since we will be using δai as abstract
injections from KK X LK to TM.
4.1.1. Optical structures as G-structures. In accordance with the definition of an H-
structure given in Section 2, an optical structure defines a Sim0pnq-structure, i.e., a
reduction of the frame bundle to the Sim0pnq-bundle FP , with P “ Sim0pnq, whose
fiber over any point p PM is given by
FPp “ tpe0, . . . , en`1q|p P Fp | e0|p P Kpu .
Note that if we drop the assumption thatM is time-oriented, K is then not necessarily
oriented, and one merely has a Simpnq-structure.
If A is a P -module, the corresponding associated vector bundle is given by
F
P pAq :“ FP ˆP A .
More specifically, we have the following line bundles:
Definition 4.4. For each w P Z, we defined the bundle of boost densities of weight w
to be the line bundle
Epwq “ FP pRpwqq,
where Rpwq is the one-dimensional representation of P on R given by (3.8). We shall
say that a section s of Epwq has boost weight w.
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A section s of Epwq satisfies the following property: two distinct sections ka and rka of
K with rka “ aka for some non-vanishing function a induce two distinct trivialisations
of Epwq with respect to which s “ f and s “ rf , with rf “ a´wf .
Being an associated vector bundle to the frame bundle, the Levi-Civita connection
extends to a connection on Epwq, which we shall also denote ∇.
We note that for any vector bundle F , it will be convenient to adopt the short-form
notation F pwq for F b Epwq.
It is also straightforward to make the following identification of P -invariant vector
bundles
K – Ep´1q .(4.10)
This implies the existence of a non-vanishing global section of Kp1q “ K b Ep1q,
which we refer to as the optical vector field of the optical geometry, which we shall
denote k˘a. Similarly, the optical 1-form of pM, g,Kq is the section of AnnpKKqp1q “
AnnpKKq b Ep1q defined to be κ˘a “ k˘bgba.
This optical vector field is particularly convenient if we wish to deal with pM, g,Kq
in an invariant manner to encode the geometric properties of the null line distribution
K without referring to any particular section of K.
The isomorphism (4.10) can be understood in terms of this optical vector field. Let
s and rs be two sections of Ep´1q with rs “ fs for some smooth function f onM. Then
ka “ sk˘a and rka “ rsk˘a are two sections of K with rka “ fka.
In addition, once a splitting is chosen, we have a section ℓ˘a of Lp´1q such that
k˘aℓ˘bgab “ 1, and a 1-form λ˘a “ ℓ˘bgba. If ka and rka be two sections of K with ka for
some smooth function a on M, then s “ λ˘aka and rs “ λ˘arka are two sections of Ep´1q
with rs “ fs.
4.2. Intrinsic torsion. With reference to equation (2.3) and Section 3, let us set
G “ FP pGq where G given by (3.10). Then the intrinsic torsion T˚ of a Sim0pnq-
structure is given by a section of G – T ˚M b FP pg{pq at each point p P M defined
by
T˚ pvq|p “
»–pk, e1, . . . , en, ℓq , π
¨˝ ˚ ˚ 0
gp∇gvk, eiq ˚ ˚
0 ´gp∇gvk, eiq ˚
‚˛fifl |p ,
for any v P ΓpTMq and any local section pk, e1, . . . , en, ℓq of FP . Note that we have
∇vk˘ P ΓpKKp1qq. We have the following isomorphism of vector bundles
FP pg{pq » HKp1q,»–pk, e1, . . . , en, ℓq, π
¨˝ ˚ ˚ 0
pxiq ˚ ˚
0 p´xiq ˚
‚˛fifl ÞÑ 1b rxieis.
This implies that the intrinsic torsion of a Sim0pnq-structure can be identified with
T˚aj “ p∇aκ˘bqδbj P ΓpT ˚MbH˚Kp1qq .
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We shall be concerned with characterising the intrinsic torsion according to the
algebraic analysis of Section 3. For this purpose, let us define the associated vector
bundles
G
i :“ FP ˆP Gi ,
so that there is a filtration of bundles
G “: G´2 Ą G´1 Ą G0 ,
with associated graded vector bundle
grpGq “ gr0´2pGq ‘
`
gr0´1pGq ‘ gr1´1pGq ‘ gr2´1pGq
˘ ‘ gr00pGq .
Once a splitting is chosen, we also obtain the G0-invariant vector bundles G
j
i :“ FP ˆG0
G
j
i , where we recall G0 “ CO0pnq. These can be identified as follows:
G0´2 – H˚Kp2q ,
G0´1 – Ep1q , G1´1 – Λ2H˚Kp1q , G2´1 – d2˝H˚Kp1q ,
G
0
0 – H˚K .
We extend the projections Πji defined by (3.12) to bundle projections in the obvious
way: let k P ΓpKq, set κ “ gpk, ¨q, choose ℓ such that gpk, ℓq “ 1 and denote by δai
the projections onto the complements of the spans of k and ℓ. Then we may choose a
connection 1-form Γab
c such that ∇aκb “ ´Γab cκc, we then have
p∇aκbqkaδbi “ Π0´2pΓqi ,
p∇aκbqδai δbjhij “ Π0´1pΓq , p∇aκbqδariδbjs “ Π1´1pΓqij , p∇aκbqδapiδbjq “ Π2´1pΓqij ,
p∇aκbqℓaδbi “ Π00pΓq.
Armed with these, we can characterise sections of the P -invariant vector bundles {Gji :“
FPˆP {Gji using the algebraic decomposition of G given in Proposition 3.4. For instance,
the intrinsic torsion T˚ is a section of {G1´1 if and only if p∇aκbqkaδbi “ p∇aκbqδariδbjs “ 0.
In the next sections, we shall give alternative characterisations of the intrinsic torsion.
Remark 4.5. In principle, the intrinsic torsion of a given optical structure may change
classes from point to point. For simplicity, we shall assume that it does not.
4.3. Congruence of null curves. Under the assumption that M is time-oriented
(so that K is oriented), the line distribution gives rise to a congruence of (oriented)
null curves, that is, a foliation of M by unparametrised oriented curves tangent to K.
Conversely, any optical geometry arises in this way. We shall typically denote such
a congruence K. Any vector field tangent to the curves of K will be referred to as a
generator of K.
Each local section k of K induces a parametrisation t along each curve of the congru-
ence, i.e., k “ BBt . Any other section of K must differ from k by some positive smooth
factor of K, and gives rise to the same congruence of oriented null curves, but with a
different parametrisation.
Given a congruence of null curves K, it will be particularly convenient to consider the
local leaf spaceM of K in an open subset U ofM, i.e., a surjective submersion ̟ from
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U to an pn ` 1q-dimensional smooth manifold M: for each x PM, the inverse image
̟´1pxq is a null curve in U tangent to K. This leaf space will feature prominently in
the study of optical structures as we shall see later. Again the considerations here will
be essentially local.
If any geometric structure onM is preserved along the flow of some generator of K,
then it must descend to the leaf space. In general, the leaf space of a congruence of
null curves will have no structure, not even an orientation.
4.3.1. Congruence of null geodesics. We now turn to the case where the intrinsic torsion
of an optical geometry pM, g,Kq satisfies the weakest possible non-trivial condition.
Recall that the null curves of a congruence K tangent to K are geodesics if
∇kk “ fk , for some k P ΓpKq and f P C8pMq.(4.11)
This condition clearly does not depend on the choice of generator of K. Note that one
can always find local generators of K that satisfy
∇kk “ 0 .(4.12)
The integral curves of such a k are affinely parametrised geodesics: if t P R is an
affine parameter along a null geodesic, any affine reparametrisation t ÞÑ at ` b for
some smooth functions a and b constant along k, where a is non-vanishing, induces the
transformation (4.8), where rk also generates affinely parametrised geodesics.
A more convenient characterisation of the congruence of null geodesics is given in
the following lemma:
Lemma 4.6 ([79]). Let pM, g,Kq be an optical structure with congruence of null curves
K. The following statements are equivalent:
(1) the curves of K are geodesics;
(2) the distribution KK is preserved along the flow of any generator k of K, i.e.,
£kv P ΓpKKq for any v P ΓpKKq, or equivalently, £kκ P ΓpAnnpKKqq, where
κ “ gpk, ¨q.
Further, if any of (1) and (2) holds, and the geodesics of K are affinely parametrised
by k, then
£kκ “ 0 .
In particular, the 1-form κ descends to a 1-form on the leaf space M of K where
it annihilates a rank-n distribution H, i.e., locally κ is the pull back of a 1-form κ
annihilating H.
Proof. This is a straightforward computation: for any vector field v P ΓpKKq, we have
£kκpvq “ ∇kκpvq ` κp∇vkq “ gp∇kk, vq “ fκpvq by (4.11). 
The relation to the intrinsic torsion now follows immediately:
Proposition 4.7. Let pM, g,Kq be an optical geometry with congruence of null curves
K. Let T˚ P ΓpGq be the intrinsic torsion of the optical structure. Then the curves of K
are geodesics if and only if T˚ P ΓpG´1q “ Γp{G0´2q.
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Thus, for a congruence of null geodesics, the short exact sequences (4.3) and (4.4)
on M give rise to short exact sequences on M:
0 ÝÑ AnnpHq ÝÑ T ˚M ÝÑ AnnpTM{Hq ÝÑ 0 ,(4.13)
0 ÝÑ H ÝÑ TM ÝÑ TM{H ÝÑ 0 .(4.14)
In general, one can identify sections of AnnpHq with those of AnnpHKq: let k be a
generator of K that defines an affine parameter for the geodesics, then κ “ gpk, ¨q
descends to a section of AnnpHq. Conversely, if κ is the pull-back of some section κ of
AnnpHq, then it is covariant constant along ka “ gabκb, and thus ka defines an affine
parameter for the geodesics.
4.3.2. Optical invariants. It is well-known, see e.g. [79, 67, 87, 76] and references
therein, that a congruence of null geodesics has a number of invariants. We presently
relate them to the intrinsic torsion of the optical structure.
Definition 4.8. Let pM, g,Kq be an optical geometry with associated congruence of
null geodesics K. Let k be a generator of K and κ “ gpk, ¨q. The sections ρ P C8pMq,
τ P ΓpΛ2H˚Kq and σ P Γpd2˝H˚Kq given respectively by
ρ κ “ κdivk ´∇kκ ,(4.15a)
τpv `K,w `Kq “ dκpv,wq , for any v,w P ΓpKKq,(4.15b)
σpv `K,w `Kq “ 1
2
£kgpv,wq ´ 1
n
ρ gpv,wq , for any v,w P ΓpKKq,(4.15c)
are refered to as the expansion, the twist and the shear of k respectively, and collectively,
as the optical invariants of k.
More invariantly, there are well-defined sections ρ˘ P Ep1q, τ˘ P ΓpΛ2H˚Kp1qq and
σ˘ P Γpd2˝H˚Kp1qq, referred to as the expansion, the twist and the shear of K respectively,
with the property that if k “ s´1k˘, for some s P ΓpEp1qq, ρ “ s´1ρ˘, τ “ s´1τ˘ and
σ “ s´1σ˘ are given as in (4.15).
The terminology of Definition 4.8 arises from the fact that the tensor fields ρ˘, τ˘ , and
σ˘ defined by (4.15a), (4.15b) and (4.15c) respectively quantify the amount of expansion,
twist and shear that a bundle of rays abreast to a given geodesic tangent to a generator
of K undergoes as one moves along it. See e.g. [67] for details.
Proposition 4.9. Let pM, g,Kq be an optical geometry with associated congruence of
null geodesics K. Let T˚ be the intrinsic torsion of the optical structure. Then
(1) the expansion of K is the image of the projection of T˚ to G0´1;
(2) the twist of K is the image of the projection of T˚ to G1´1;
(3) the shear of K is the image of the projection of T˚ to G2´1.
Proof. This follows directly from Definition 4.8 and the well-known formulae for the
exterior derivative and the Lie derivative in terms of the Levi-Civita. Choose a section
k of K and set κ “ gpk, ¨q. Then
∇aκb “ pdκqab ` 1
2
£kgab ,
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Congruence Intrinsic torsion
geodetic {G0´2 “ G´1
non-expanding {G0´1
non-twisting {G1´1
non-shearing {G2´1
parallel {G00 “ t0u
Table 3. Geometric properties and intrinsic torsion
After contracting with δai δ
b
j , we immediately identify the first term with the twist of
k. The trace of the second term with respect to hij encodes the expansion, while its
tracefree part, its shear. 
Remark 4.10. In dimension six, the twist splits further into a self-dual part and an
anti-self-dual part.
As an immediate consequence of this proposition, we obtain:
Proposition 4.11. Let pM, g,Kq be an optical geometry with congruence of null curves
K and intrinsic torsion T˚ . Then
(1) K is non-expanding geodetic if and only if the intrinsic torsion T˚ P Γp{G0´1q;
(2) K is non-twisting geodetic if and only if the intrinsic torsion T˚ P Γp{G1´1q;
(3) K is non-shearing geodetic if and only if the intrinsic torsion T˚ P Γp{G2´1q.
For clarity, we record these results in Table 3.
Remark 4.12. A non-integrable optical geometry pM, g,Kq with congruence of null
geodesics K can therefore fall into eight distinct classes according to whether the ex-
pansion, twist or shear vanishes or not. However, if non-vanishing, the twist provides
an additional geometric structure on M, and thus, a further reduction of the struc-
ture group of the frame bundle, and more specifically, of the screen bundle. Indeed,
the stabiliser of the twist can be seen as a closed Lie subgroup of Sim0pnq, and more
specifically, a reduction of the semi-simple part SOpnq of Sim0pnq. Further, since any
section κ of AnnpKKq is preserved along the null geodesics of K, so must dκ by the
naturality of the exterior derivative. This means that the twist is always preserved
along the flow of K, and in fact defines an additional geometric structure on the leaf
space of K. As we shall see, the roˆle of the shear is quite different: it is the obstruction
to the conformal class of the screen bundle metric being preserved along K. Thus, it is
the absence of shear that defines an additional structure on M, and more specifically,
on the leaf space of K.
4.3.3. Non-expanding congruences. The absence of expansion of a congruence of null
geodesics will be relevant mostly in the context of non-shearing congruences. Here, we
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record only the following result, which follows from (4.15a) and the fact that, for any
k P ΓpKq, £k pk εq “ divk pk εq.
Lemma 4.13. Let pM, g,Kq be an optical geometry with non-expanding congruence
of null geodesics K. Then for any k P ΓpKq such that the curves of K are affinely
parametrised, we have
£kpk εq “ 0 .
In particular, k ε descends to an orientation pn` 1q-form on the leave space pM,Hq
of K.
4.3.4. Non-twisting congruences. Let pM, g,Kq be an optical geometry with non-twisting
congruence of null geodesics K, i.e., the twist of K is identically zero. From the defini-
tion (4.15b), this can be equivalently expressed by the condition
κ^ dκ “ 0 , for any κ P ΓpAnnpKKqq.
A direct application of the Frobenius theorem gives immediately:
Proposition 4.14. Let pM, g,Kq be an optical geometry with congruence of null
geodesics K and local leaf space pM,Hq. The following statements are equivalent.
(1) K is twistfree.
(2) M is locally foliated by a one-parameter family of pn`1q-dimensional subman-
ifolds tangent to KK, each containing an n-parameter family of null geodesics
of K.
(3) H is integrable, i.e.,M is locally foliated by n-dimensional submanifolds tangent
to H.
Remark 4.15. We note that for a non-twisting congruence of null geodesics K, one
can always find a local generator k of K such that the 1-form κ “ gpk, ¨q is exact,
i.e., κ “ du for some locally function on M. The global existence of such a 1-form is
obstructed by the first De Rham cohomology group.
4.3.5. Non-shearing congruence. For any non-shearing congruence of null geodesics K,
we have, for any generator k of K,
£kgpv,wq “ 2
n
ρ gpv,wq , for any v,w P ΓpKKq,
where ρ is the expansion of k. The geometric interpretation is then immediate.
Proposition 4.16. Let pM, g,Kq be an optical geometry with congruence of null
geodesics K with leaf space pM,Hq. The following statements are equivalent.
(1) K is non-shearing.
(2) The conformal class of the induced screen bundle metric is preserved along the
geodesics of K.
If K is in addition non-expanding, then the induced metric on the screen bundle HK
descends to a bundle metric on H.
The next result exhibits the existence of a family of affine connections compatible
with the optical structure in this case.
OPTICAL GEOMETRIES 21
Proposition 4.17. Let pM, g,Kq be an optical geometry with non-shearing congruence
K of null geodesics. Let ka be a generator of K for which the curves are affinely
parametrised, and set κa “ gabkb. Denote by hij the screen bundle metric, ρ and τij
the expansion and twist of k respectively.
Fix a null line distribution L complementary to KK, and let λa be a section of K
˚ – L
such that λak
a “ 1, and δai the injection from the screen bundle to TM, so that
p∇aκrbqκcs “
ρ
n
harbκcs ` τarbκcs ` κaπrbκcs,
where hab “ hijδiaδjb , τab “ τijδiaδjb , and πa is a 1-form annihilated by K.
Define a family of linear connections parametrised by t P R,
∇
t
av
b “ ∇avb `Qptqacbvc , for any vector field va,
where
Qptqabc “ Qptqabdgdc
:“ ρ
n
`
habλc ´ 2hcpaλbq
˘` 2τarbλcs ` t λaτbc ´ 2κpaλbqπc ` 2κpaπbqλc .
Then for each t P R, ∇t is a linear connection that satisfies
p∇taκrbqκcs “ 0 ,
∇tagbc “
2
n
ρλahbc ` 2λaκpbπcq ´ 2πaκpbλcq ,
and has torsion given by
T tabc “ ´2Qptqrabsc “ ´2τabλc ´ p2` 2tqλraτbsc .
In particular, ∇t preserves K and the conformal class of the screen bundle metric.
In addition,
T´2
rabcs
“ 0 , T´1
apbcq
“ 0 .
Further, for any t P R, ∇t is torsion-free if and only if K is non-twisting.
Proof. It suffices to compute
∇
t
aκb “ ∇aκb ´Qptqabcκc , ∇tagbc “ ´2Qptqapbcq ,
with the definitions given. 
Remark 4.18. The linear connections defined in the proposition above depend only on
the choice of k and λ. Note however that these are not the only connections preserving
K and the conformal structure on HK .
4.4. Non-twisting non-shearing congruences. These include two important classes
of Lorentzian manifolds:
(1) Robinson-Trautman spacetimes for which the congruence is expanding, and
(2) Kundt spacetimes for which the congruence is non-expanding.
In other words, pM, g,Kq is a Robinson-Trautman spacetime if and only if the intrinsic
torsion T˚ is a section of {G1´1X {G2´1, but not a section of {G0´1, while a Kundt spacetime
is one for which T˚ is a section of G0 “ {G0´1 X {G1´1 X {G2´1.
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Remark 4.19. In dimension three, the screen bundle of an optical gometry is one-
dimensional, from which it follows that a congruence of null geodesics is necessarily
non-twisting and non-shearing.
Robinson-Trautman spacetimes were introduced in dimension four in [78], and were
later generalised to higher dimensions in [70, 62, 63, 61, 71, 73].
Kundt spacetimes were introduced in [43] in dimension four. Their higher-dimensional
generalisations are investigated in the context of the algebraic properties of the Weyl
tensor in [74, 42, 72]. More recently, a G-structure approach to Kundt spacetimes is
adopted in [1].
As we shall see in Section 5, Robinson-Trautman spacetimes and Kundt spacetimes
are conformally related, and for this reason, share important properties [71].
Proposition 4.20. Let pM,g,Kq be an optical geometry with congruence of null curves
K. The following two statements are equivalent:
(1) The distribution KK is integrable and the leaves tangent to KK are totally geo-
detic.
(2) K is a non-expanding, non-twisting and non-shearing congruence of null geodesics.
Proof. We must show∇vw P ΓpKKq for any v,w P ΓpKKq. But then, using our previous
notation,
0 “ pδai∇aδbjqκb “ ´pδai∇aκbqδbj “
1
n
ρhij ` τij ` σij ,
i.e., ρ “ τij “ σij “ 0. 
4.4.1. Expanding non-twisting non-shearing congruences of null geodesics. In the neigh-
bourhood of every point, there exists coordinates pu, v, xiq such that the Robinson–
Trautman metric takes the form [78, 70]
g “ 2 dudv ` 2Aidxidu`Bpduq2 ` e2φhijdxidxj ,
where v is an affine parameter along the congruence K, Ai, B are functions onM, hij
are functions on M, and φ is a function of v only.
Example 4.21 (Tangherlini-Schwarzschild metric). Let pSn, hq be an n-sphere Sn with
its round metric. Define the wrapped Lorentzian metric on M “ R ˆR` ˆ Sn with
pt, rq P RˆR`
g “ ´F prqdt2 ` F prq´1dr2 ` r2h , where F prq “ 1´ c
rn´1
,
and c is a constant typically interpreted to be proportional to the mass of a static black
hole. This is a Ricci-flat metric.
The 1-form
κ “ ´dt` F prq´1dr ,
annihilates the orthogonal complement of an optical structure K with expanding non-
twisting non-shearing congruence of null geodesics. Similarly, the 1-form λ “ 1
2
F prqdt`
1
2
dr defines a second optical structure with expanding non-twisting non-shearing con-
gruence of null geodesics.
Other generalisations can be found in [70] by replacing Sn by some n-dimensional
compact Einstein Riemannian manifold.
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4.4.2. Non-expanding non-twisting non-shearing congruences of null geodesics. Com-
bining Propositions 4.14 and 4.16 yields:
Corollary 4.22. Let pM, g,Kq be an optical geometry with congruence of null geodesics
K. The following statements are equivalent.
(1) K is non-expanding non-twisting non-shearing.
(2) the (local) leaf space pM,H, hq of K is foliated by n-dimensional submanifolds
tangent to H, each of which inherits a Riemannian structure from h.
For an optical geometry pM, g,Kq with non-expanding non-twisting non-shearing
congruence of null geodesics K, in the neighbourhood of every point, there exists coor-
dinates pu, v, xiq such that the metric takes the form
g “ 2 dudv ` 2Aidxidu`Bpduq2 ` hijdxidxj .(4.16)
where Ai “ Aipu, v, xiq, B “ Bpu, v, xiq and hij “ hpijqpu, xiq. Here, v is an affine
parameter along the geodesics of K, and pu, xiq are local coordinates on the leave space
of K with u parametrising the leaves of KK. Thus,
K “ span
ˆ B
Bv
˙
, KK “ span
ˆ B
Bv ,
B
Bxi
˙
.
The form of this metric remains the same under a change of coordinates xi “ xipu, rxq.
The 1-form κ “ du annihilating KK remains unchanged, and we interpret the functions
hij as the components of the screen bundle metric on HK .
Remark 4.23. References [72, 71, 73] give these special cases in terms of Weyl cur-
vature conditions. Of interest is when the Weyl tensor is algebraically special in the
sense that κraWbcsfrdk
fκes “ 0, where k generates K and κ “ gpk, ¨q. In this case,
the v-dependence of the functions Ai can be integrated, i.e. Ai “ Ap0qi ` v Ap1qi , where
A
p0q
i “ Ap0qi pu, xq and Ap1qi “ Ap1qi pu, xq.
As a direct corollary of Proposition 4.17, we have:
Corollary 4.24. Let pM, g,Kq be an optical geometry with non-expanding non-twisting
non-shearing congruence K of null geodesics. Let ka be a generator of K for which the
curves are affinely parametrised, and set κa “ gabkb. Choose a null 1-form λa such that
λak
a “ 1, so that
p∇aκrbqκcs “ κaπrbκcs
for some 1-form πa annihilated by K.
Define a linear connection
∇1av
b “ ∇avb `Qacbvc , for any vector field va,
where
Qabc “ Qabdgdc “ ´2κpaλbqπc ` 2κpaπbqλc .
Then ∇1 a torsion-free linear connection that satisfies
p∇1aκrbqκcs “ 0 ,
∇
1
agbc “ 2λaκpbπcq ´ 2πaκpbλcq .
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In particular, ∇1 preserves K and the screen bundle metric.
Remark 4.25. The connection ∇1 defined in Corollary 4.24 is not the unique torsion-
free affine connection compatible with K and the screen bundle metric. Note also ∇1
satisfies ∇1pagbcq “ 0.
4.4.3. Integrable optical structures. We finally arrive at the case where the optical ge-
ometry pM, g,Kq is integrable as a G-structure. This is equivalent to the Levi-Civita
connection preserving the line distribution K. In other words, any non-vanishing sec-
tion k of K is recurrent, i.e.,
p∇aκ˘rbqκ˘cs “ 0 .
This is a special case of Kundt spacetimes, and on the other hand the Lorentzian special
case of Walker manifolds [101], see also [12], which are defined as pseudo-Riemannian
manifolds with a distribution of parallel p-planes. In particular, the condition imposes
a further condition on the local form of the metric: the function Ai “ Ap0qi pu, xq in
formula 4.16 is independent of v.
Integrable optical structures, i.e., with a parallel null line distribution K, are crucial
in the classification of holonomy groups of Lorentzian manifolds, see for instance, [7],
[13], [31] and [47]. Within the integrable optical structures there is a rich hierarchy.
On the one hand there the reductions of the screen bundle to a subgroup H of SO0pnq.
Based on results in [7], in [47] it was shown that H must be a Riemannian holonomy
group, a result that yields the a classification of Lorentzian holonomy groups. This
also provides a classification if Lorentzian manifolds with parallel spinors, see also the
survey [33]. Global aspects of Lorentzian manifolds with special holonomy are discussed
in [44], [6], [50] and [86].
On the other hand there is the reduction to the stabiliser SOpnq ˙ Rn of a null
vector, which implies the existence of a parallel section of K, that is, a parallel null
vector field. In this case, not only the function Ai “ Ap0qi pu, xq in (4.16) is independent
of v but also the the function B “ Bpu, xq, that is
g “ 2 dudv ` 2Aipu, xqdxidu`Bpu, xqpduq2 ` hijpu, xqdxi dxi(4.17)
and with parallel null vector field Bv. Sometimes these manifolds are called Brinkmann
waves or Brinkmann spaces. The spaces discovered by Brinkmann in [10, 11] in the
context of conformal geometry do indeed have a parallel vector null field, however they
are of dimension four and in addition Ricci-flat. Consequently their holonomy reduces
to R2 Ă SOp2q ˙R2 and the metric is of the form
g “ 2 dudv `Bpu, x, yqpduq2 ` dx2 ` dy2,
so a very special case of the metrics in (4.17). The metrics found by Brinkmann, without
the Ricci-flat condition, generalise to higher dimensions to the so called pp-waves, which
stands for ‘plane-fronted with parallel rays’ (that is hij “ δij and Bv parallel). For pp-
waves the holonomy reduces to the abelian ideal Rn in SOpnq ˙Rn. This reduction
is equivalent to the existence of a parallel section of K and the flatness of the screen
bundle HK ÑM, or equivalently to the curvature condition that RpX,Y qU P K, for
all U P KK and X,Y P TM , see [46]. The local form of the metric (4.16) for pp-waves
OPTICAL GEOMETRIES 25
becomes
g “ 2 dudv `Bpu, xqpduq2 ` δijdxi dxj .(4.18)
Their Ricci tensor is given by ∆B pduq2, where ∆ is the Laplacian for the xi coordinates,
so the vacuum Einstein equation simplifies to the Euclidean wave equation. These
metrics have the interesting property that all their scalar invariants vanish. This was
first observed by Penrose and established in higher dimension for example in [19, 17].
Within the pp-waves there are the so-called plane waves for which
Bpu, xq “ xiQ
ij
puqxj
in the metric (4.18), with a u-dependent symmetric matrix Q
ij
puq. Plane waves appear
as Penrose-limits [66], see also [20, 8], and as homogeneous supersymmetric M-theory
backgrounds [30]. Conformal aspects of pp-waves, in particular their ambient metrics
are studied in [48].
Homogeneous plane waves and pp-waves have been studied and classified in [9] and
[34]. The geodesic completeness of compact pp-waves is proved in [50].
A subclass within the plane waves are the Lorentzian locally symmetric spaces with
non-constant sectional curvature. They are given by
g “ 2 dudv ` pxiQijxjqpduq2 ` δijdxi dxj ,
where Qij is a constant symmetric matrix. On M “ Rn`2 this defines a globally
symmetric space with solvable transvection group, the so-called Cahen-Wallach spaces
[14]. Their compact quotients are described in [40].
Note that all these subclasses of pp-waves are not distinguished by a further reduc-
tion of the holonomy group but rather by conditions on the derivative of the curvature.
IfQ
ij
is non-degenerate, for all of them the connected component of the holonomy group
is equal to Rn and hence are indecomposable. Also there are many more examples of
integrable optical structures that generalise the pp-waves and have been considered in
the literature, for example the plane fronted waves [15], for which the hij in (4.17) do
not depend on u, i.e., hij is just a Riemannian metric of the x
i coordinates. Examples
of earlier results are in [85, 94] and of course there is a plethora of general relativity
and physics literature about them.
4.5. Non-twisting shearing congruences of null geodesics. We present an exam-
ple of an optical geometry with non-twisting shearing congruences of null geodesics.
Example 4.26 (The black ring in dimension five). Using the coordinates pt, x, y, φ, ψq
given in [24, 75], the five-dimensional black ring discovered in [25] is described by the
metric
g “ ´F pxq
F pyq
´
dt`R
?
λνp1` yqdψ
¯2
`
` R
2
px´ yq2
ˆ
´F pxq
ˆ
Gpyqdψ2 ` F pyq
Gpyqdy
2
˙
` F pyq2
ˆ
dx2
Gpxq `
Gpxq
F pxqdφ
2
˙˙
,
where
F pξq :“ 1´ λξ , Gpξq :“ p1´ ξ2qp1´ νξq .
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Here, R, λ and µ are positive constants with λ, ν ă 1. There are a number of possible
ranges for the coordinates to ensure that the metric is of Lorentzian signature. For
specificity, we restrict ourselves only to the region
U :“  px, y, φ, ψ, tq : ´1 ă x ă 1 , 1
λ
ă y ă 1
ν
(
.
Then, following [88], the 1-forms
κ :“ R
a´F pxqGpyq?
2px´ yq
˜a
F pyq
Gpyq dy ` idψ
¸
, λ :“ R
a´F pxqGpyq?
2px´ yq
˜a
F pyq
Gpyq dy ´ idψ
¸
are real and define two optical structuresK and L with expanding non-twisting shearing
congruences of null geodesics.
4.6. Twisting congruences of null geodesics. As mentioned in Remark 4.12, the
twist of an optical geometry with null geodesic congruence, if non-vanishing, provides
an additional geometrical structure in its own right not only on the screen bundle, but
also on the leaf space of the congruence. To determine which structures arise from the
twist, we need to examine its algebraic properties.
Definition 4.27. Let pM, g,Kq be an optical geometry with congruence of null geodesics
K. The rank of the twist of K is the rank of any section κ P ΓpAnnpKKqq, i.e., the
positive integer d such that κ^ pdκqd ‰ 0 and κ^ pdκqd`1 “ 0.
Clearly, K is non-twisting if and only if the twist has rank zero. If κ is the 1-form
on M induced from κ, then κ has the same rank as κ.
4.6.1. Maximally twisting congruences. We now focus on the case d “ m, where we
assume n “ 2m or n “ 2m` 1.
Definition 4.28. Let pM, g,Kq be an optical geometry of dimension 2m or 2m ` 1
with congruence of null geodesics K. We say that K is maximally twisting if its twist
has rank m, i.e., any section κ of AnnpKKq has maximal rank, i.e. κ^ pdκqm ‰ 0 and
κ^ pdκqm`1 “ 0.
Note that in dimensions 2m` 2, the twist then defines an orientation on the screen
bundle, and hence on the leaf space. If m is odd, this also singles out a direction for
sections of K (but not when m is even.) In fact, as an alternative normalisation to
Proposition 4.35, one can pick a section of K in such a way that κ^ pdκqm “ k ε.
Remark 4.29. In dimensions four and five, a twisting congruence is necessarily max-
imally twisting.
The next proposition is particularly important: it tells us for that for a maximally
twisting congruence, one can associate a distinguished splitting of the tangent bundle.
This means in particular that the structure group of the frame bundle is reduced from
Sim0pnq toCO0pnq— in fact, the stabiliser of the twist yields an even further reduction
to a subgroup of CO0pnq.
Proposition 4.30. Let pM, g,Kq be p2m`2q-dimensional optical geometry with max-
imally twisting geodetic congruence K. Then there exists a generator k of K and a null
vector field ℓ with gpk, ℓq “ 1 such that κ “ gpk, ¨q satisfies
dκpk, ¨q “ 0 , dκpℓ, ¨q “ 0 .
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In particular, the geodesics of K are affinely parametrised by k, and we can write
∇raκbs “ τab , τab “ τijδiaδjb ,(4.19)
where τij is the twist of k. The pair pka, ℓaq is unique up to boosts constant along K.
Proof. We can assume that there exists a generator k of K such that the geodesics are
affinely parametrised. Then κ “ gpk, ¨q takes the form
∇raκbs “ τab ` 2κraβbs ,
where τab “ τijδiaδjb represents the twist, and βaka “ 0. We seek rℓa “ ℓa´ziδai ´ 12zizika,
where gpk, ℓq “ 1, such that dκprℓ, ¨q “ 0. We find
p´ziτij ` βjqδjb ` ziβiκb “ 0 .
Since τij is non-degenerate, this equation has unique solution z
i “ pτ´1qijβj .
Thus we have associated to ka a unique null vector field ℓa. There remains the
freedom of changing the pair pka, ℓaq by means of a boost (4.8) constant along K so as
to preserve the affine parametrisation of the geodesics with respect to k. 
We now turn to the interpretation on the leaf space. Let us first recall some notions.
A contact distribution or contact structure on a p2m`1q-dimensional smooth manifold
M is a rank-2m distribution H such that any non-vanishing section κ of AnnpHq,
referred to as a contact 1-form, has maximal rank, i.e., κ ^ pdκqm ‰ 0. We refer to
the pair pM,Hq as a contact manifold. Every choice of contact 1-form κ in AnnpHq
defines a canonical splitting of the exact sequence 0 ÝÑ H ÝÑ TM ÝÑ TM{H ÝÑ 0
by means of the Reeb vector field, the unique vector field ℓ that satisfies κpℓq “ 1 and
dκpℓ, ¨q “ 0.
Proposition 4.31. Let pM, g,Kq be a p2m ` 2q-dimensional optical geometry with
congruence of null geodesics K and leaf space pM,Hq. The following statements are
equivalent.
(1) K is maximally twisting.
(2) H is a contact distribution.
Further, for each pair pk, ℓq where k generates affinely parametrised curves of K and
ℓ is a null vector field with gpk, ℓq “ 1, the 1-form κ “ gpk, ¨q satisfies
dκpk, ¨q “ 0 , dκpℓ, ¨q “ 0 ,
κ descends to a contact form on pM,Hq and ℓ ` K to its corresponding Reeb vector
field.
Proof. The equivalence between statements (1) and (2) follows immediately from Lemma
4.6, while the existence of the pair pk, ℓq with the properties stated in the proposition
follows from Proposition 4.30. 
Dealing with the odd-dimensional case, we have the following proposition:
Proposition 4.32. Let pM, g,Kq be a p2m ` 3q-dimensional optical geometry with
maximally twisting congruence of null geodesics K and leaf space pM,Hq. Then for
any non-vanishing section κ of AnnpHq, the distribution H 1 :“ ker dκ X ker κ is a
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line subbundle of H, and H{H 1 descends to a contact distribution on the p2m ` 1q-
dimensional leaf space of H 1.
Proof. The 1-form has rank m by assumption, and it easily follows that H 1 :“ ker dκX
ker κ must be one-dimensional. Let u be a section of H 1. Then clearly £uκ “ 0 and
£udκ “ 0, i.e. κ descends to a 1-form of rank m on the p2m`1q-dimensional leaf space
of H 1, and thus annihilates a contact distribution there. 
Example 4.33 (The Kerr metric in dimension four). The Kerr metric describes a
rotating black hole with mass M and angular momentum a. In local coordinates
pr, u, θ, φq, it is given by [41]
g “ `r2 ` a2 cos2 θ˘ `pdθq2 ` sin2 θpdφq2˘` 2 `du` a sin2 θdφ˘ `dr ` a sin2 θdφ˘
´
ˆ
1´ 2Mr
r2 ` a2 cos2 θ
˙`
du` a sin2 θdφ˘2 .
The 1-form
κ “ du` a sin2 θdφ ,
annihilates the orthogonal complement of an optical structuresK with expanding twist-
ing non-shearing congruences of null geodesics – it is generated by the null vector field
k “ g´1pκ, ¨q “ BBr . There is a second optical structure with expanding twisting non-
shearing congruences of null geodesics defined by the 1-form
λ “ dr ` a sin2 θdφ´ 1
2
ˆ
1´ 2Mr
r2 ` a2 cos2 θ
˙
κ .
More generally, the Pleban´ski-Demian´ski metric [69] is a solution to the Einstein-
Maxwell equations depending on seven parameters, and which contains the Kerr metric
as a limiting case. It also admits two optical structures with expanding twisting non-
shearing congruences of null geodesics.
Example 4.34 (The Myers-Perry metric in dimension higher than four). The Kerr
solution was generalised to higher dimensions by Myers and Perry [55]. In dimension
2m, it describes a rotating black hole with mass M and m rotation parameters aα. In
local coordinates pr, u, µ0, µα, φαq, where µ20 `
řm
α“1 µ
2
α “ 1, the metric takes the form
g “ ´pduq2 ` 2
˜
du`
mÿ
α“1
aαµ
2
αdφα
¸
dr
` r2pdµ0q2 `
mÿ
α“1
`
r2 ` a2α
˘ `pdµαq2 ` µ2αpdφαq2˘` Mr2PF
˜
du`
mÿ
α“1
aαµ
2
αdφα
¸2
,
where
F “ 1´
mÿ
α“1
a2αµ
2
α
r2 ` a2α
, P “
mź
α“1
pr2 ` a2αq.
The 1-form
κ “ du`
mÿ
α“1
aαµ
2
αdφα
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annihilates the orthogonal complement of an optical structuresK with expanding twist-
ing congruences of null geodesics that is shearing when n ą 2. It is also maximally
twisting as can be seen from
dκ “ 2
mÿ
α“1
aαµαdµα ^ dφα ,
which is non-zero whenever µα is non-vanishing for any α “ 1, . . . ,m, i.e., K is maxi-
mally twisting.
More generally, the Kerr-NUT-(A)dS metric presented in [16] is an Einstein metric
in dimension 2m ` 2 depending on a cosmological constant, mass parameter, 2m ´ 1
NUT parameters, and m rotation parameters. It also admits two expanding maximally
twisting congruences of null geodesics. These are shearing for all m ą 1.
Similar results hold in odd dimensions.
4.6.2. Twisting non-shearing congruences. Under the non-shearing assumption, one
can obtain stronger results. In particular, one can single out a generator of the congru-
ence by normalising its twist. This should be contrasted with the situation in Hermitian
geometry, where the hermitian form has a fixed norm.
Proposition 4.35. Let pM, g,Kq be an optical geometry with twisting non-expanding
non-shearing congruence of null geodesics K. Then there exists a unique generator k
of K such that the geodesics are affinely parametrised with respect to k and its twist τ
satisfies τijτ
ij “ 2r, where r is the rank of τ .
Proof. Let k be a section of K generating affinely parameterised geodesics with twist
τij . Then we can write
pdκqab “ τab ` 2κraβbs ,
where τab “ τijδiaδjb and kbβb “ 0. In particular, }dκ} “ }τ}. Set rka “ ?2r}τ}´1ka.
Then, with rκ “ gprk, ¨q, we have
drκ “ ´2?2r}τ}´2pd}τ}qκ`?2r}τ}´1dκ ,
so that
}rτ}2 “ }drκ}2 “ 2r}τ}´2}dκ}2 “ 2r .
Since K is non-expanding and non-shearing, we have £k}τ} “ 0. This means that rk
generates affinely parameterised geodesics.
Finally, it is straightforward to check that any other generator of K satisfying these
properties must be either rk itself, or ´rk. Since we assume that the congruence is
oriented, we obtain uniqueness. 
Combining with Proposition 4.30 and Proposition 4.35 yields
Proposition 4.36. Let pM, g,Kq be a p2m ` 2q-dimensional optical geometry with
maximally twisting non-expanding non-shearing congruence of null geodesics K. Then
there exists a generator k of K and a null vector field ℓ such that gpk, ℓq “ 1 and
κ “ gpk, ¨q satisfies
dκpk, ¨q “ 0 , dκpℓ, ¨q “ 0 ,
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and the twist τ of k satisfies τijτ
ij “ 2m. The pair pka, ℓaq is unique.
The twist τ˘ of a congruence of null geodesics K also induces a bundle endomorphism
of HK by composing τ˘ with the inverse metric h
´1 on HK .
Definition 4.37. Let pM, g,Kq be an optical geometry with congruence of null geodesics
K. The twist endomorphism is the section F˘ of EndpHKqp1q defined by
F˘ :“ h´1 ˝ τ˘ ,(4.20)
where h is the bundle metric on HK and τ˘ the twist of K.
If k “ s´1k˘ for some s P ΓpEp1qq is a particular generator of K, we shall call F “ s´1F˘
the twist endomorphism associated to k.
Note that if κ has rank d, its associated bundle endomorphism F has matrix rank
2d.
Proposition 4.38. Let pM, g,Kq be an optical geometry with non-expanding non-
shearing congruence of null geodesics K with leaf space pM,Hq. Let k be a generator
of affinely parametrised geodesics of K. Then the twist endomorphism F associated to
k descends to an endomorphism of H on M.
Proof. This follows immediately from Propositions 4.16, Remark 4.12 and the definition
of twist endomorphism. 
A contact sub-Riemannian structure on a p2m`1q-dimensional smooth manifoldM
consists of a contact distribution H equipped with a bundle metric h.
Now, putting Propositions 4.31 and 4.22 together proves:
Corollary 4.39. Let pM, g,Kq be a p2m` 2q-dimensional optical geometry with con-
gruence of null geodesics K. The following two statements are equivalent:
(1) K is maximally twisting non-shearing.
(2) The leaf space pM,H, hq is a contact sub-Riemannian manifold.
Analogous results were proved in [2, 3].
Example 4.40 (The (A)dS-Taub-NUT metric [95, 56, 4, 3, 93]). Let M be a circle
bundle over a 2m-dimensional Ka¨hler-Einstein manifold with metric h and Ka¨hler form
ω and non-zero Ricci scalar 4mΛ. Choose a local 1-form A such that dA “ ω. Denote
by t the fiber coordinate ofM, and let α “ dt`A. The (A)dS-Taub-NUT metric is the
Einstein metric with Ricci scalar 2pm ` 1qΛ defined on the radial extension R` ˆM
that is given by
g “ ´F prqpαq2 ` F prq´1pdrq2 ` h,
where F prq is a smooth function that depends on Λ, Λ and a third constant M , and
satisfies the differential equation
d
dr
ˆpr2 ` Λ2qm
r
F prq
˙
“ pr
2 ` Λ2qm
r2
Λ´ pr
2 ` Λ2qm`1
r2
Λ
Λ2
.
Here, the ‘mass’ parameter M arises as the constant of integration.
The 1-form
κ “ α` F prq´1dr ,
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annihilates the orthogonal complement of an optical structure K with expanding twist-
ing non-shearing congruence of null geodesics. In fact, the congruence is maximally
twisting since dκ “ ω.
A second maximally twisting non-shearing congruence of null geodesics can be seen
by considering the 1-form λ “ ´α` F prq´1dr.
5. Conformal optical geometry
5.1. Conformal optical structures. Most of the geometric properties of optical
structures turn out to be conformally invariant, and for this reason, we extend their
definition to the conformal setting. Here, we follow the treatment of [5]. Recall that
a conformal manifold consists of a pair pM, cq, where M is an pn ` 2q-dimensional
smooth manifold and c a conformal structure on M, that is, an equivalence class of
metrics on M, every pair of which differ by a conformal factor, i.e., two metrics g andpg in c are related viapg “ e2Υg , for some smooth function Υ on M.(5.1)
The respective Levi-Civita connections ∇ and ∇ˆ of g and pg are then related byp∇avb “ ∇avb `Υavb ´ vaΥb ` δbaΥcvc , for any va P ΓpTMq,p∇aαb “ ∇aαb ´Υaαb ´Υbαa ` gabΥcαc , for any αa P ΓpT ˚Mq.(5.2)
The conformal structure c can equivalently be encoded in terms of a global non-
degenerate section g of d2T ˚M b Er2s of Lorentzian signature, referred to as the
conformal metric. Here Er2s “ b2Er1s, where the line bundle Er1s is called the bundle
of conformal scales. Sections of Er1s are in one-to-one correspondence with metrics in
c: any section s of Er1s defines a metric in c by g “ s´2g. Taking powers of Er1s and
its dual Er´1s yields further line bundles Erws where w P Z. A section s of Erws is
said to have conformal weight w, and the Levi-Civita connection extends to a linear
connection on these. One can check that, in our previous notation,p∇as “ ∇as` wΥas .
We shall denote the covariant exterior derivative d∇, i.e. for any (weighted) p-form α,
pd∇αqa0a1...ap :“ ∇ra0αa1...aps .
We shall use g to identify sections of TM with those of T ˚Mb Er2s. The orientation
on M yields a global section ε of Λn`2T ˚M b Ern ` 2s, the weighted volume form
with the property that for any s P Er1s, ε “ s´n´2ε is the volume form of the metric
g “ s´2g.
Definition 5.1. Let pM, cq be an oriented and time-oriented Lorentzian conformal
manifold. An optical structure on pM, cq is given by a vector distribution K Ă TM of
tangent null lines. We refer to pM, c,Kq as an conformal optical geometry.
It is clear that such a structure enjoys the same basic properties of its Lorentzian
counterpart such as the filtration (4.1) and exact sequences (4.2), (4.3) and (4.4).
The only difference is that now the conformal structure c induces a bundle conformal
structure cK on the screen bundle HK . In particular, gab yields a conformal bundle
metric hij P Γpd2H˚Kr2sq.
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Now, let k P ΓpKq and set κ “ gpk, ¨q. Under a change of metrics in c, we havep∇aκb “ ∇aκb ` 2Υraκbs ` gabΥcκc ,
where ∇a and p∇a denote the respective Levi-Civita connections of g and pg. Further,
the Lie derivative of κa is found to be
£kκa “ kb∇bκa ´ 2
n` 2κa∇bk
b(5.3)
Note that this depends on the choice of generator k, since for any other generatorrk “ eϕk, the weighted 1-form rκ “ gprk, ¨q satisfies
£rkrκ “ e2ϕˆ£kκ` nn` 2κ
˙
.
Lemma 5.2. We have, for any k P ΓpKq,
£kpk εq “ 0 .
Proof. This follows from the formula
£kk
bεba1...an`1 “ pkb∇bkcqεca1...an`1
` p´1qnpn` 1qkcεcbra1...an∇an`1skb ´ kcεca1...an`1∇bkb .
We know that the this expression must be proportional to kbεba1...an`1 . Contracting
with εda1...an`1 yields the factor, which turns out to be equal to zero. 
Note the optical vector field k˘a P ΓpKp1qq of the optical structure yields a doubly
weighted optical 1-form κ˘a “ k˘bgab P ΓpAnnpKKqp1qr2sq.
We will also examine the geometric properties of a conformal optical structure in
relation to the leaf space of its associated congruence K of null curves.
Any pair of metrics g and pg in c single out optical geometries pM, g,Kq and pM, pg,Kq,
and the pertinent question is how the intrinsic torsions T˚ and
p˚
T of the respective ge-
ometries relate to each other. The optical vector field k˘ P ΓpKp1qq yields two associated
weighted 1-forms κ˘a “ k˘bgab and p˘κa “ k˘bpgab. Computing the optical invariants, we findp˘γi “ e2φγ˘i .
In particular, we have a well-defined section γ˘i ofH
˚
Kp2qr2s that obstructs the geodesy of
the null curves of the congruence K, a property well-known to be conformally invariant.
With reference to (5.3), we obtain:
Lemma 5.3. Let pM, c,Kq be a conformal optical geometry with congruence of null
curves K. Then the curves are K are geodesics if and only if
£kκ^ κ “ 0 .
We note that the condition that the geodesics of K are affinely parametrised with
respect to a generator k is not conformally invariant. We shall see however in Lemma
5.7 that we can nevertheless that there exists a family of preferred generators of K for
which £kκ “ 0.
OPTICAL GEOMETRIES 33
5.2. Optical invariants. Now, if pM, g,Kq (and thus pM, pg,Kq) admit a congruence
of null geodesics tangent to K, i.e., γ˘i “ 0 (and thus p˘γi “ 0), we can compute the
optical invariants of the respective optical geometries. We find that the twist and the
shear transform conformally asp˘τ ij “ e2φτ˘ij , p˘σij “ e2φσ˘ij .(5.4)
We can thus extend the definition of the shear and twist of a congruence of null geodesics
in the context of a conformal optical geometry.
Definition 5.4. Let pM, c,Kq be a conformal optical geometry with congruence of
null geodesics K. Let k be a generator of K and set κ “ gpk, ¨q. Then the twist and the
shear of k are the respective sections τ P ΓpΛ2H˚Kr2sq and σ P Γpd2˝H˚Kr2sq defined by
τ pv `K,w `Kq “ d∇κpv,wq , v, w P ΓpKKq ,(5.5a)
σpv `K,w `Kq b κ “ 1
2
p£kgpv,wq b κ´ gpv,wq b£kκq , v, w P ΓpKKq .(5.5b)
If k “ s´1k˘, for some s P ΓpEp1qq, the well-defined sections τ˘ P ΓpΛ2H˚Kp1qr2sq and
σ˘ P Γpd2˝H˚Kp1qr2sq given by τ “ s´1τ˘ and σ “ s´1σ˘ are referred to as the twist and
the shear of K respectively.
As a consequence, we obtain the following conformal invariants of optical geometries.
Proposition 5.5. Let pM, c,Kq be a conformal optical geometry. Let g and pg be two
metrics in c so that pM, g,Kq and pM, pg,Kq are optical geometries. Let T˚ and p˚T be
the intrinsic torsions of the respective optical geometries. Then
T˚ P ΓpG´1q ðñ p˚T P ΓppG´1q ,
T˚ P Γp{G1´1q ðñ p˚T P Γpp{G1´1q ,
T˚ P Γp{G2´1q ðñ p˚T P Γpp{G2´1q .
5.3. Non-expanding subclass of metrics. On the other hand, the expansion trans-
forms in a non-conformally invariant way asp˘ρ “ ρ˘` nΥck˘c .(5.6)
This means that K has the same expansion with respect with both metrics g and pg
provided these are conformally related by a factor constant along K. In addition, one
can always use equation (5.6) to find a metric pg in c for which the congruence is non-
expanding. Indeed, the equation ρ˘ ` nΥck˘c “ 0 is a first order ordinary differential
equation, which always has solutions.
Proposition 5.6. Let pM, c,Kq be a conformal optical geometry with congruence of
null geodesics K. Then locally, there is a subclass
n.e.
c of metrics in c with the property
that whenever g is in
n.e.
c, the congruence K is non-expanding, i.e., for any k P ΓpKq with
κ “ gpk, ¨q, κdivk ´∇kκ “ 0.
Any two metrics in
n.e.
c differ by a factor constant along K.
The conformal subclass
n.e.
c induces a conformal subclass
n.e.
cK of cK on the screen bundle.
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In other words, any metric g in the subclass
n.e.
c defines an optical geometry pM, g,Kq
whose intrinsic torsion is a section of {G0´1.
As corollary of Proposition 5.6, we have:
Corollary 5.7. Let pM, c,Kq be a conformal optical geometry with congruence of null
geodesics K. Then, locally, there exists a family of local generators k P ΓpKq such that
£kκ “ 0 .(5.7)
These generators have the property that they generate affinely parametrised geodesics
tangent to K for any choice of metric in
n.e.
c.
Definition 5.8. Let pM, c,Kq be a conformal optical geometry. We say that a gener-
ator k of K is special if κa “ kbgab satisfies (5.7).
5.4. Class of metrics conformal to Walker metrics. Finally, assuming that K is
non-expanding, non-twisting and non-shearing, we computepπi “ e2φ pπi ´Υiq .(5.8)
This means that K has the same obstruction to parallelism with respect with both
metrics g and pg provided these are conformally related by a factor constant along KK.
In addition, using equations (5.6) and (5.8), we prove the following result.
Proposition 5.9. Let pM, c,Kq be a conformal optical geometry with non-twisting
non-shearing congruence of null geodesics K. Let k P ΓpKq and set κa “ gabkb. Suppose
the Weyl tensor Wabcd satisfies
kaWabrcdκes “ 0 .(5.9)
Then locally, there is a subclass
par.
c of metrics in c with the property that whenever g
is in
par.
c, the line distribution K is parallel, i.e., for any k P ΓpKq with κ “ gpk, ¨q,
∇vκ^ κ “ 0.
Any two metrics in
par.
c differ by a factor constant along KK.
Proof. With no loss, we can restrict ourselves to a metric g in the subclass
n.e.
c, so that
since K is non-twisting and non-shearing, the metric g is a Kundt metric. We already
know that the condition (5.9) is a necessary condition for the optical structure to be
integrable. We now show that this is also sufficient locally. In particular, the condition
(5.9) is equivalent to
kaδbik
cδdjWabcd “
´
kaδbi δ
c
jδ
d
kWabcd
¯
˝
“ 0 ,
kaℓbkcδdjWabcd “ 0 ,
kaℓbδci δ
d
jWabcd “ 0 .
The first of these conditions is always satisfied for a non-twisting non-shearing congru-
ence of null geodesics. The second one is equivalent to £kπi “ 0, and the third one
is equivalent to ∇riπjs “ 0, i.e., locally πi “ pdfqi for some smooth function f on the
leave space of K. Now, using (5.8), we can find a metric for which K is parallel. 
For related results on the conformal geometry, see [45, 49].
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5.5. Non-twisting congruences. This is a direct consequence of Proposition 4.14:
Proposition 5.10. Let pM, c,Kq be a conformal optical geometry with congruence of
null geodesics K with leaf space pM,Hq. The following statements are equivalent:
(1) K is non-twisting;
(2) M is locally foliated by a one-parameter family of pn`1q-dimensional subman-
ifolds, each containing an n-parameter family of null geodesics of K;
(3) H is integrable, i.e.,M is locally foliated by n-dimensional submanifolds tangent
to H.
5.6. Non-shearing congruence. This is a direct consequence of Propositions 4.16
and 5.6:
Proposition 5.11. Let pM, c,Kq be a conformal optical geometry with congruence of
null geodesics K. The following statements are equivalent.
(1) K is non-shearing.
(2) The induced conformal structure cK on the screen bundle HK is preserved along
the geodesics of K.
(3) The induced conformal structure cK on HK descends to a conformal structure
c on H. More precisely, there is a one-to-one correspondence between metrics
in
n.e.
cK and metrics in c.
5.7. Non-twisting non-shearing spacetimes. Now, combining Propositions 5.10
and 5.11 yields:
Proposition 5.12. Let pM, c,Kq be a conformal optical geometry with congruence of
null geodesics K with leaf space pM,Hq. Then the following statements are equivalent.
(1) K is non-twisting non-shearing.
(2) K is foliated by pn ` 1q-dimensional submanifolds tangent to H, each of which
inherits a conformal structure from cK .
(3) M is foliated by n-dimensional submanifolds tangent to H, each of which in-
herits a conformal structure from cK . Further, there is a one-to-one correspon-
dence between metrics in c and metrics in
n.e.
cK .
In other words, a Robinson-Trautman spacetime is locally conformal to a Kundt
spacetime.
5.8. Twisting congruence of null geodesics. We can extend the definition of the
rank of the twist to the conformal setting:
Definition 5.13. The rank of the twist of the congruence K is the rank of any section
κ P ΓpAnnpKKqq.
5.8.1. Maximally twisting congruences. From Proposition 4.31, we immediately obtain
Proposition 5.14. Let pM, c,Kq be a p2m` 2q-dimensional conformal optical geom-
etry with maximally twisting congruence of null geodesics K. Then the local leaf space
pM,Hq of K is equipped with a contact structure.
Further, every choice of special generator of K establishes a one-to-one correspon-
dence between metrics in
n.e.
c and contact forms on M.
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In odd dimensions, we have:
Proposition 5.15. Let pM, c,Kq be a p2m` 3q-dimensional conformal optical geom-
etry with maximally twisting congruence of null geodesics K and leaf space pM,Hq.
Then, for any non-vanishing section κ of AnnpHq, the distribution H 1 :“ ker dκXkerκ
is a line subbundle of H, and H{H 1 descends to a contact distribution on the p2m`1q-
dimensional leaf space of H 1.
5.8.2. Maximally twisting non-shearing congruences. If pM,Hq is a contact manifold,
a sub-conformal contact structure c on M is a conformal structure on H. We refer
to pM,H, cq as a sub-conformal contact manifold. Any choice of metric in c defines
a sub-Riemannian structure on H, and each choice of contact 1-form in determines a
metric in c – see for instance [26, 27, 23].
The following result gives a very neat relation between choices of metrics in the
conformal class and splittings of the optical structure.
Proposition 5.16. Let pM, c,Kq be a p2m` 2q-dimensional conformal optical geom-
etry with maximally twisting non-shearing congruence of null geodesics K. Then for
each g in
n.e.
c, there exists a unique pair pka, ℓaq, where k is a generator of K and ℓ a null
vector field such that gpk, ℓq “ 1, and κ “ gpk, ¨q satisfies
dκpk, ¨q “ 0 , dκpℓ, ¨q “ 0 ,
and the twist of k satisfies τijτ
ij “ 2m.
Further, the leaf space pM,Hq of K acquires a subconformal contact structure c
whereby each metric g in
n.e.
c descends to a bundle metric in c, and κ “ gpk, ¨q descends
to the corresponding contact 1-form.
Let pka, ℓaq and ppka, pℓaq be any two such pairs corresponding to metrics g and pg in
n.e.
c, with pg “ e2φg for some smooth function φ constant along K. Then, pka “ ka, and
κ “ gpk, ¨q, pκ “ pgppk, ¨q, λ “ gpℓ, ¨q, pλ “ pgppℓ, ¨q, pδia and δia are related viapκa “ e2φκa ,pλa “ λa ` hijpτ´1qikΥkδja ´ 12hijpτ´1qikpτ´1qjℓΥkΥℓκa ,pδia “ δia ´ pτ´1qijΥjκa ,
where Υi :“ δai∇aφ.
Proof. The first part of the proposition is a direct consequence of Proposition 4.36.
The geometric interpretation of the leaf space as a contact subconformal manifold
follows directly from Proposition 4.31.
For the remainder, let pka, ℓaq and ppka, pℓaq be as given in the proposition. The relation
between their respective twists are given by pτij “ e2φτij . But we know pd∇κqab “ τijδiaδjb
and pd p∇pκqab “ pτijpδiapδjb . Using the relation between ∇ and p∇, we findpτijpδiapδjb “ e2φτijδiaδjb ` 2e2φΥiδiraκbs ,
from which we deduce the required change for δia. The required change for λ can be
deduced by comparing the change of metrics, or by simply noting that pℓa “ pgabpλb
should be null and annihilate pδia. 
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The above proposition is applied in [93] to great effect in determining Einstein metrics
in the conformal class: such a metric is essentially determined by a 1-form λ as in the
proposition, and a conformal factor that depends only on an affine parameter along the
geodesics of K.
Just as for metric optical structures, one can define the twist endomorphism of
HK “ KK{K as in (4.20) in the conformal setting as the section of EndpHKqp1q given
by
F :“ h´1 ˝ τ .(5.10)
Note that F does not depend on the choice of metric in c.
Mirroring Proposition 4.38, we have:
Proposition 5.17. Let pM, c,Kq be a conformal optical geometry with non-shearing
congruence of null geodesics K with leaf space pM,Hq. Let k be any special generator
k of K. Then the twist endomorphism F associated to k descends to an endomorphism
of H on M.
Example 5.18 (Fefferman’s construction). When the endomorphism F associated to
the contact sub-conformal structure is a complex structure J , then we refer to pM,H, cq
as a partially integrable almost CR manifold. In the case when the eigenbundles of J are
integrable, Fefferman showed that one can construct a conformal structure of Lorentzian
signature on a circle bundle M ̟ÑM in a canonical way: for each contact form θ and
corresponding bundle metric h in c, the metric on M is given by
g “ 4̟˚θ λ`̟˚h .
where λ is a certain canonically defined 1-form onM that does not vanish on restriction
to the fibers of MÑM.
This construction was generalised to the non-integrable case in [51] and to the case
when F is not a complex structure, but has constant eigenvalues in [26, 27]. See also
the recent work [3] and [89].
6. Four-dimensional case
The four-dimensional case is very special. We note that if pM, c,Kq is a four-
dimensional conformal optical geometry, there is a volume form ε of conformal weight
4, which induces a skew-symmetric bilinear form εK of weight 2 on the screen bundle
HK “ KK{K. This additional structure is particularly useful: it allows us to construct
a bundle complex structure on HK . The following proposition is immediate.
Proposition 6.1. Let pM, c,Kq be a four-dimensional conformal optical geometry.
Let εK the weighted volume form on the screen bundle HK “ KK{K. Then the bundle
endomorphism on HK defined
J :“ h´1 ˝ εK ,(6.1)
is a bundle complex structure on HK compatible with the conformal structure cK on
HK , and with eigenbundles N{CK and N{CK where N is a totally null complex rank-2
distribution, N its complex conjugate, and N XN “ CK.
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Conversely, a totally null complex rank-2 distribution N defines an optical structure
K on pM, cq, and thus a bundle complex structure on HK compatible with the conformal
structure.
Remark 6.2. The pair pN,Kq, or equivalently pK,Jq, defines an almost Robinson
structure on pM, cq, or with a choice of metric g, on pM, gq, as first defined in [60,
99, 100], and is the subject of [32]. The above proposition tells us that in dimension
four there is no distinction between (conformal) optical structures and almost Robinson
structures.
When it comes to the integrability of the almost Robinson structure, we have the
following well-known theorem – see e.g. [80, 67] and the aforementioned references.
Theorem 6.3. Let pM, c,Kq be an oriented four-dimensional conformal optical geom-
etry with congruence of null curves K. Let J be the screen bundle endomorphism (6.1)
and N the associated complex totally null 2-plane distribution defined in Proposition
6.1. Then the following three statements are equivalent:
(1) N is involutive, i.e., closed under the bracket of vector fields.
(2) J is preserved along the flow of any generator of K.
(3) K is a non-shearing congruence of null geodesics.
Further, if any of these conditions is satisfied, then the leaf space pM,H, cHq is equipped
with a CR structure, that is, H is equipped with a bundle complex structure.
Proof. Since N is totally null and of rank 2, and CK Ă N , the condition that N be
involutive is that gprk, vs, wq “ 0 for any sections v, w of N and k of K, and metric g
in c. With no loss we can choose v ^ k ‰ 0. But this is equivalent to gp£kv,wq “ 0,
i.e., the eigenbundle N{CK of J is preserved along the flow of k, and similarly for its
complex conjugate. This proves the equivalence of (1) and (2).
Now, for any section k of K, v,w sections of N so that gpv,wq “ 0 for any metric g
in c, we have, using the Leibniz rule,
0 “ £kpgpv,wqq “ p£kgqpv,wq ` gprk, vs, wq ` gprk,ws, vq .
Since N has rank two, and CK Ă N , we have three possibilities:
0 “ p£kgqpk, kq ,
0 “ p£kgqpv, kq ` gprk, vs, kq ,
0 “ p£kgqpv, vq ` 2gprk, vs, vq .
The first condition is vacuous, while the other two together with their complex con-
jugate tells us that K is non-shearing if and only if N is involutive (together with
N .)
Thus, all conditions (1), (2) and (3) are equivalent.
For the last part, we note that since J is preserved along the flow of k together
with its eigenbundles, it descends to a complex structure on H whose eigenbundles are
necessarily involutive since they have rank one. Hence the leaf space pM,H, cHq is
equipped with a CR structure. 
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7. Generalised optical geometries
7.1. Generalised optical structures. Generalised optical geometries were first in-
troduced by Robinson and Trautman in [96, 97, 80, 81, 83, 98], where they are referred
to simply as ‘optical geometries’. Two equivalent definitions are given there, and we
shall give the one that generalises the notion of conformal optical geometries first. The
alternative definition shall be considered later.
Definition 7.1. LetM be a smooth manifold. A generalised optical structure consists
of a pair pK,oq, where K is a line distribution on M, and o an equivalence class of
Lorentzian metrics such that
(1) for each g in o, K is null with respect to g;
(2) any two metrics g and rg in o are related byrg “ e2φ pg ` 2καq ,(7.1)
for some smooth function φ and 1-form α on M, and κ “ gpk, ¨q for any non-
vanishing section k of K.
We refer to pM,K,oq as a generalised optical geometry.
Remark 7.2. (1) The two conditions above are well-defined: if K is null with
respect to a given metric g, then it is null with respect to any metric pg related
to g via (7.1).
(2) Similarly, if KK is the orthogonal complement to K with respect to one metric
g in o, then KK remains the orthogonal complement to K for any other metric
g in o. So the notion of orthogonal complement KK with respect to o is well-
defined.
(3) The requirement that rg in (7.1) must be non-degenerate implies that αpkq ‰ ´1.
(4) If a metric g is in o, so is any metric in its conformal class rgs.
Remark 7.3. When α^ κ “ 0, the metric rg given in (7.1) reduces torg “ e2φ `g ` Fκ2˘ ,
for some smooth function F . We can then view rg as an exact first-order perturbation
of g up to some overall factor. Its inverse is given byrg´1 “ e´2φ `g´1 ´ Fk2˘ .
If in addition φ “ 0, the metric rg is known as the (generalised) Kerr-Schild metric, and
if g is the Minkowski metric, simply as a Kerr-Schild metric.
A generalised optical structure pM,K,oq has an associated congruence of null curves
K tangent to K. The next proposition deals with the question of which geometric
properties of the congruence are shared by all metrics in o.
Proposition 7.4. Let pM,K,oq be a generalised optical geometry with congruence of
curves K. Then K is null with respect to any metric in o. Further, if the curves of K
are geodesics with respect to one metric in o, they are geodesics for any other. This
being the case, the twist and the shear of K do not depend on the choice of metric in o.
In other words, for any metrics g and rg in o, the two conformal optical geometries
pM, rgs,Kq and pM, rrgs,Kq share the same optical properties.
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Proof. Let k be a generator of K, g and rg two metrics in o. Then rκ “ rgpk, ¨q “
e2φp1 ` αpkqqκ. The result the follows from Lemma 4.6 and the defining equations
(4.15b) and (4.15c) for the twist and the shear, together with the fact that the Lie
derivative and the exterior derivative do not depend on the metric. 
We can therefore talk of a congruence of null geodesics K for pM,K,oq with given
shear and twist. We also note that Robinson and Trautman gave an interesting charac-
terisation of congruences of null geodesics in the context of generalised optical geome-
tries in [82] along the lines of the Robinson–Mariot theorem [53, 77].
Proposition 7.4 tells that two distinct (conformal) optical geometries may share the
same congruence of null geodesics with the same twist and shear. This can be made
more explicit by starting with an pn ` 1q-dimensional manifold M, which we extend
to the trivial line bundleM “ RˆM. We shall construct a Lorentzian metric on M
and identify M as the leaf space of a congruence of null geodesics. Denote by ̟ the
natural projection fromM toM, and the line distribution K onM defined by ker̟˚
is tangent to a congruence K of curves, which are none other than the fibers of the
bundleM.
We also assume that M is endowed with a hyperplane distribution H. Let κ be a
1-form annihilating H, and extend κ to a coframe tκ, θiu for M. Set κ “ ̟˚κ and
θi “ ̟˚θi. Now, choose a 1-form λ such that λpkq does not vanish for any non-vanishing
section k of K, and a positive definite symmetric matrix hij depending smoothly on
M. Then
g “ 2κλ` hijθi θj ,
is a Lorentzian metric on M for which K is null, and since for any section k of K,
£kκ “ 0, the curves of K are geodesics. Hence pM, g,Kq is an optical geometry.
The freedom in choosing λ, hij , together with the freedom in the choice of θ
i leads
to the equivalent class o of metrics related via (7.1). Hence M is endowed with a
generalised optical structure pK,oq.
If the distribution H is involutive, i.e., κ ^ dκ “ 0, then, by the naturality of the
exterior derivative, κ^ dκ “ 0, i.e., K is non-twisting.
If the distribution H is equipped with a Riemannian structure hij , then we can take
hij “ e2φhij for some function φ on M. In this case, K is a non-shearing, and if φ is a
function on M, K is also non-expanding.
7.2. Generalised optical geometries as G-structures. The original definition of
a generalised optical structure of [96, 97, 80, 81, 83, 98], is given in terms of a G-
structure on a four-dimensional smooth manifold M where the structure group H
is the stabiliser of a line distribution Kp1q and a rank-3 distribution Kp3q such that
Kp1q Ă Kp3q, and a complex structure on each fiber of Kp3q{Kp1q. In particular, H is a
subgroup of GLp4,Rq, not SOp1, 3q. Noting that the complex structure on Kp3q{Kp1q
can be replaced by a conformal structure, this admits a straightforward generalisation
to higher dimensions.
Proposition 7.5. Let M be a smooth oriented pn ` 2q-dimensional manifold. Then
the following statements are equivalent.
(1) M is endowed with a generalised optical structure pK,oq.
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(2) M is endowed with a pair of distributions Kp1q and Kpn`1q of rank 1 and n` 1
respectively such that
Kp1q Ă Kpn`1q(7.2)
and its associated screen bundle Kpn`1q{Kp1q is equipped with a conformal struc-
ture of Riemannian signature.
Proof. Assume (1). With reference to Definition 7.1, set Kp1q :“ K. The notion of
orthogonal complement KK of K does not depend on the choice of metric in o, so we
can set Kpn`1q :“ KK. We have that Kp1q Ă Kpn`1q and it is straightforward to check
that o induces a conformal structure of Riemannian signature on Kpn`1q{Kp1q: indeed,
let g and rg be two metrics in o related by (7.1), then for any v,w P ΓpKKq, we have
metrics
hpv `K,w `Kq “ gpv,wq , rhpv `K,w `Kq “ rgpv,wq ,
on Kpn`1q{Kp1q that are conformally related by rh “ e2φh.
For the converse, assume (2). Choose a metric h in the conformal class on the
screen bundle, together with vector fields teiui“1,...,n such that tei `Kp1qui“1,...,n form
an orthonormal frame on the screen bundle with respect to h, and set hij “ hpei, ejq.
Let tκ, θiui“1,...,n be a set of 1-forms that spans AnnpKp1qq such that θipejq “ δij , and
extend it to a coframe tκ, θi, λui“1,...,n on M. Then
g “ 2κλ ` hijθi θj ,
is a Lorentzian metric on M for which Kp1q is null. Now, the freedom in choosing the
coframe is given byrκ “ aκ , rθi “ φjiθj ` ψiκ , rλ “ bλ` ciθi ` fκ ,
where a, φj
i, ψi, b, ci and f are smooth functions onM with ab ‰ 0, and φij preserves
hij . We are also free to choose a different metric rhij “ e2φhij for some smooth function φ
on the screen bundle. Then the metric onM corresponding to the frame trκ, rθi, rλui“1,...,n
and screen bundle metric rhij is given byrg “ 2rκ rλ` rhijrθi rθj ,
and is related to g via (7.1) where
α “ pabe´2φ ´ 1qλ` φijψjθi ` 1
2
ψkψ
kκ .
Hence, the geometric structure (2) gives rise to a generalised optical structure. 
Thus, we can view a generalised optical structure on a smooth manifold M as a
G-structure where the structure group H, say, of the frame bundle of M is reduced
from SLpn` 2,Rq (or GLpn` 2,Rq if we drop the assumption that M is oriented) to
the closed Lie subgroup H that stabilises the distribution filtration (7.2) together with
a conformal structure on its associated screen bundle. From the proof of Theorem 7.5,
we see that H has dimension 1
2
npn`3q`4. The generalised optical geometry pM,K,oq
is integrable as a G-structure if and only if there exist local coordinates tu, v, xiu on
M and a metric g in o and a section k of K such that
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(1) g “ 2dudv`hijdxi dxj, where hij is the standard Euclidean metric on Rn, i.e.,
g is the Minkowski metric, and
(2) k “ BBv .
The following theorem generalises a result in dimension four given in [80] to higher
dimensions.
Theorem 7.6. Let pM,K,oq be a generalised optical geometry with congruence of null
curves K. Then the following statements are equivalent:
(1) There exists a torsion-free linear connection compatible with o.
(2) K is a non-twisting non-shearing congruence of null geodesics.
Further, in dimension six and higher, pM,K,oq is integrable as a G-structure if and
only if any of the conditions (1) and (2) holds together with the condition`
κraWbcsrdeκfs
˘
˝
“ 0 ,(7.3)
for any 1-form κ annihilating KK, where Wabcd is the Weyl tensor of any metric in o.
Proof. We first establish the equivalence of (1) and (2) following the proof of [80]. Let
∇1 be a torsion-free linear connection compatible with o so that for any metric g in o
and section k of K, we have, with κ “ gpk, ¨q,
∇
1
aκb “ αaκb ,
∇
1
agbc “ βagbc ` 2 γarbκcs ,
for some tensor fields αa, βa and γab. Then, since ∇ is torsion-free,
κrapdκqbcs “ κra∇1bκcs “ 0 ,
£kgab “ kc∇1cgab ` 2∇1paκbq “ pβckcqgab `
`
kcγcpa ` αpa
˘
κbq ,
which shows that K is a non-twisting non-shearing congruence of null geodesics.
Conversely, suppose K is a non-twisting non-shearing congruence of null geodesics.
Then we can find a metric g in o such that K is also non-expanding. The required
linear connection is then the one found in Proposition 4.24.
For the final part of the proof, suppose that condition (2) holds. Then there is a
metric g in o such that K is also non-expanding, i.e. pM, g,Kq is a Kundt geometry. In
particular, in the neighbourhood of any point, there exists coordinates pu, v, xiq such
that g takes the form (4.16), which we recast as
g “ 2 dudv ` hijdxidxj ` 2 du
`
Aidx
i `Bdu˘ .
Note that k “ BBv is a section of K, and κ “ gpk, ¨q “ du. If hij is conformally flat, then
we may assume that hij “ e2φrhij where rhij is a family of standard Euclidean metrics on
Rn, and φ is a smooth function of u and xi. Now, define a new coordinate rv “ e´2φv.
Then
g “ e2φ
´
2 dudrv ` rhijdxidxj¯` 2 du´ rAidxi ` rBdu¯ ,
for some functions rAi and rB of u and xi. This shows in particular that the Minkowski
metric is in o, i.e., the G-structure is integrable.
When n “ 2, the metric hij is always conformally flat, so there is nothing further to
show. In dimension n ą 3, the vanishing of the Weyl tensor W ijkℓ of hij is a necessary
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and sufficient condition for hij to be conformally flat. Now, it is shown in [90] that the
condition (7.3) is equivalent to the equations
kaδbi δ
c
jk
dWabcd “ 0 ,´
kaδbi δ
c
jδ
d
kWabcd
¯
˝
“ 0 ,´
δai δ
b
jδ
c
kδ
d
ℓWabcd
¯
˝
“ 0 .
The first two conditions are the necessary curvature conditions for K to be a non-
twisting non-shearing congruence of null geodesics – see e.g. [70]. The last one is
equivalent to W ijkℓ “ 0 [90]. 2
Finally, we note that the condition (7.3) is independent of the choice of metric in o.
Indeed, this condition refers only to the conformal structure on the screen bundle, and
this is an invariant of the generalised optical geometry.
The converse is obvious. 
Remark 7.7. Proving an analogous statement for the second part of Theorem 7.6 in
dimension five, i.e. n “ 3, remains an open problem. The difficulty here is to find an
appropriate curvature condition that is equivalent to the vanishing of the Cotton tensor
of the (family of) metrics hij.
Remark 7.8. The connection given in Proposition 7.6 is not unique.
Example 7.9 (The Schwarzschild metric). The generalised optical structure to which
the Schwarzschild metric is integrable in any dimensions. This follows from the following
form of the metric:
g “ r2
ˆ
1` 1
4
hkℓx
kxℓ
˙
hijdx
idxj ´ 2dudr ´ 2Hdrdr .
Example 7.10 (The Myers-Perry metric). The generalised optical structure to which
the Kerr metric is not integrable in any dimensions. Indeed, while one can cast the
metric in Kerr-Schild form, the congruence of null geodesics is twisting. More specifi-
cally, let us write the Minkowski metric in standard coordinates tt, xα, yα, zuα“1,...,m in
dimension 2m` 2,
η “ ´pdtq2 `
mÿ
α“1
`pdxαq2 ` pdyαq2˘` pdzq2 ,
and let
κ “ dt`
mÿ
α“1
rpxαdxα ` yαdyαq ` aαpxαdyα ´ yαdxαq
r2 ` a2α
` z
r
dr ,
and
f “ Mr
2
1´řmα“1 a2αppxαq2`pyαq2qpr2`a2
α
q2
1śm
α“1pr2 ` a2αq
.
2A new version of this reference containing a proof of this last fact is in preparation.
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Here, the radial coordinate is defined by
mÿ
α“1
pxαq2 ` pyαq2
r2 ` a2α
` z
2
r2
“ 1 .
Then, the Kerr-Myers-Perry metric in Kerr-Schild form is given by [55]
g “ η ` fκ2 .
The odd-dimensional case is similar.
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